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Abstract. Let R be an integral domain, let h£R\{0} be such that R/hR is a field, and TLA 
the category of torsionless (or flat) Hopf algebras over R. We call H E TLA a "quantized func- 
tion algebra" (=QFA), resp. "quantized restricted universal enveloping algebras" (=QrUEA), 
at h if H/hH is the function algebra of a connected Poisson group, resp. the (restricted, if 
R/hR has positive characteristic) universal enveloping algebra of a (restricted) Lie bialgebra. 

We establish an "inner" Galois correspondence on TLA, via the definition of two endo- 
functors, ( ) v and ( )', of TLA such that: (a) the image of ( ) v , resp. of ( )', is the full 
subcategory of all QrUEAs, resp. QFAs, at h; (b) if p := Char^RjhR^ = , the restrictions 
( ) V |q FAs an d ( )' | Q r uEAs y' le ^d equivalences inverse to each other; (c) if p = 0, starting 
from a QFA over a Poisson group G, resp. from a QrUEA over a Lie bialgebra g, the functor 
( ) v , resp. ( )', gives a QrUEA, resp. a QFA, over the dual Lie bialgebra, resp. a dual Poisson 
group. In particular, (a) yields a machine to produce quantum groups of both types (either 
QFAs or QrUEAs), (b) gives a characterization of them among objects of TLA, and (c) gives 
a "global" version of the so-called "quantum duality principle" (after Drinfeld's, cf. [Dr]). 

We then apply our result to Hopf algebras of the form k[h] (3^ H where H is a Hopf alge- 
bra over the field k: this yields quantum groups, hence "classical" geometrical symmetries of 
Poisson type (Poisson groups or Lie bialgebras, via specialization) associated to the "gener- 
alized" symmetry encoded by H. Both our main result and the above mentioned application 
are illustrated by means of several examples, which are studied in some detail. 
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Introduction 

The most general notion of "symmetry" in mathematics is encoded in the notion of Hopf 
algebra. Among Hopf algebras H over a field, the commutative and the cocommutative 
ones encode "geometrical" symmetries, in that they correspond, under some technical con- 
ditions, to algebraic groups and to (restricted, if the ground field has positive characteristic) 
Lie algebras respectively: in the first case H is the algebra F[G] of regular functions over 
an algebraic group G, whereas in the second case it is the (restricted) universal envelop- 
ing algebra U(q) (u(g) in the restricted case) of a (restricted) Lie algebra g . A popular 
generalization of these two types of "geometrical symmetry" is given by quantum groups: 
roughly, these are Hopf algebras H depending on a parameter H such that setting h = 
the Hopf algebra one gets is either of the type F[G] - hence if is a quantized function 
algebra, in short QFA — or of the type U(g) or u(g) (according to the characteristic of 
the ground field) — hence if is a quantized (restricted) universal enveloping algebra, in 
short QrUEA. When a QFA exists whose specialization (i.e. its "value" at h = 0) is F[G], 
the group G inherits from this "quantization" a Poisson bracket, which makes it a Poisson 
(algebraic) group; similarly, if a QrUEA exists whose specialization is U(q) or u(g), the 
(restricted) Lie algebra g inherits a Lie cobracket which makes it a Lie bialgebra. Then by 
Poisson group theory one has Poisson groups G* dual to G and a Lie bialgebra g* dual to 
g , so other geometrical symmetries are related to the initial ones. 

The dependence of a Hopf algebra on H can be described as saying that it is defined over 
a ring R and h G R: so one is lead to dwell upon the category HA of Hopf .R-algebras 
(maybe with some further conditions), and then raises three basic questions: 

— (1) How can we produce quantum groups? 

— (2) How can we characterize quantum groups (of either kind) within H.A? 

— (3) What kind of relationship, if any, does exist between quantum groups over 
mutually dual Poisson groups, or mutually dual Lie bialgebras? 



THE GLOBAL QUANTUM DUALITY PRINCIPLE: THEORY, EXAMPLES, APPLICATIONS 3 



A first answer to question (1) and (3) together is given, in characteristic zero, by the 
so-called "quantum duality principle" , known in literature with at least two formulations. 
One claims that quantum function algebras associated to dual Poisson groups can be taken 
to be dual — in the Hopf sense — to each other; and similarly for quantum enveloping 
algebras (cf. [FRT1] and [Se]). The second one, formulated by Drinfeld in local terms 
(i.e., using formal groups, rather than algebraic groups, and complete topological Hopf 
algebras; cf. [Dr], §7, and see [Ga4] for a proof), gives a recipe to get, out of a QFA over 
G, a QrUEA over g*, and, conversely, to get a QFA over G* out of a QrUEA over g. 
More precisely, Drinfeld defines two functors, inverse to each other, from the category of 
quantized universal enveloping algebras (in his sense) to the category of quantum formal 
series Hopf algebras (his analogue of QFAs) and viceversa, such that C/ft(fl) i— > [[(?*]] 
and i^ft [[(?]] !— ► Uh(q*) (in his notation, where the subscript h stands as a reminder for 
"quantized" and the double square brackets stand for "formal series Hopf algebra"). 

In this paper we establish a global version of the quantum duality principle which gives 
a complete answer to questions (1) through (3). The idea is to push as far as possible 
Drinfeld's original method so to apply it to the category HA of all Hopf algebras which are 
torsion-free — or flat, if one prefers this narrower setup — modules over some (integral) 
domain, say R, and to do it for each non-zero element H in R such that R/hRhe a field. 

To be precise, we extend Drinfeld's recipe so to define functors from HA to itself. We 
show that the image of these "generalized" Drinfeld's functors is contained in a category of 
quantum groups — one gives QFAs, the other QrUEAs — so we answer question (1). Then, 
in the characteristic zero case, we prove that when restricted to quantum groups these func- 
tors yield equivalences inverse to each other. Moreover, we show that these equivalences ex- 
change the types of quantum group (switching QFA with QrUEA) and the underlying Pois- 
son symmetries (interchanging G or g with G* or g*), thus solving (3). Other details enter 
the picture to show that these functors endow HA with sort of a (inner) "Galois correspon- 
dence" , in which QFAs on one side and QrUEAs on the other side are the subcategories (in 
HA) of "fixed points" for the composition of both Drinfeld's functors (in the suitable order): 
in particular, this answers question (2). It is worth stressing that, since our "Drinfeld's 
functors" are defined for each non-trivial point (h) of Spec max (R), for any such (h) and for 
any H in HA they yield two quantum groups, namely a QFA and a QrUEA, w.r.t. h itself. 
Thus we have a method to get, out of any single H e HA, several quantum groups. 

Therefore the "global" in the title is meant in several respects: geometrically, we con- 
sider global objects (Poisson groups rather than Poisson formal groups, as in Drinfeld's 
approach); algebraically we consider quantum groups over any domain R, so there may 
be several different "semiclassical limits" (=specializations) to consider, one for each non- 
trivial point of type (H) in the maximal spectrum of R (while Drinfeld has R = k[[/i]] so 
one can specialise only at h = ) ; more generally, our recipe applies to any Hopf algebra, 
i.e. not only to quantum groups; finally, most of our results are characteristic-free, i.e. they 
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hold not only in characteristic zero (as in Drinfeld's case) but also in positive characteris- 
tic. Furthermore, this "global version" of the quantum duality principle opens the way to 
formulate a "quantum duality principle for subgroups and homogeneous spaces", see [CG]. 

A key, long-ranging application of our global quantum duality principle (GQDP) is the 
following. Take as R the polynomial ring R = k[h] , where k is a field: then for any 
Hopf algebra over k we have that H[h] := R <8>k H is a torsion- free Hopf .R-algebra, 
hence we can apply Drinfeld's functors to it. The outcome of this procedure is the crystal 
duality principle (CDP), whose statement strictly resembles that of the GQDP: now Hopf 
k-algebras are looked at instead of torsionless Hopf .R-algebras, and quantum groups are 
replaced by Hopf algebras with canonical nitrations such that the associated graded Hopf 
algebra is either commutative or cocommutative. Correspondingly, we have a method to 
associate to if a Poisson group G and a Lie bialgebra t such that G is an affine space (as 
an algebraic variety) and t is graded (as a Lie algebra); in both cases, the "geometrical" 
Hopf algebra can be attained — roughly — through a continuous 1-parameter deformation 
process. This result can also be formulated in purely classical — i.e. "non-quantum" - 
terms and proved by purely classical means. However, the approach via the GQDP also 
yields further possibilities to deform H into other Hopf algebras of geometrical type, which 
is out of reach of any classical approach. 

The paper is organized as follows. In §1 we fix notation and terminology, while §2 
is devoted to define Drinfeld's functors and state our main result, the GQDP (Theorem 
2.2). In §3 we extend Drinfeld's functors to a broader framework, that of (co) augmented 
(co)algebras, and study their properties in general. §4 instead is devoted to the analysis of 
the effect of such functors on quantum groups, and prove Theorem 2.2, i.e. the GQDP. In 
§5 we explain the CDP, which is deduced as an application of the CDP to trivial deforma- 
tions of Hopf k-algebras: in particular, we study in detail the case of group algebras. In 
the last part of the paper we illustrate our results by studying in full detail several relevant 
examples. First we dwell upon some well-known quantum groups: the standard quantiza- 
tion of the Kostant-Kirillov structure on a Lie algebra (§6), the standard Drinfeld-Jimbo 
quantization of semisimple groups (§7), the quantization of the Euclidean group (§8) and 
the quantization of the Heisenberg group (§9). Then we study a key example of non- 
commutative, non-cocommutative Hopf algebra — a non-commutative version of the Hopf 
algebra of formal diffeomorphisms — as a nice application of the CDP (§10). 

Warning: this paper is not meant for publication! The results presented here will be 
published in separate articles; therefore, any reader willing to quote anything from the 
present preprint is kindly invited to ask the author for the precise reference(s). 
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§ 1 Notation and terminology 

1.1 The classical setting. Let k be a fixed field of any characteristic. We call 
"algebraic group" the maximal spectrum G associated to any commutative Hopf k-algebra 
H (in particular, we deal with proafRne as well as atiane algebraic groups); then H is called 
the algebra of regular function on G, denoted with F[G\. We say that G is connected if 
F[G] has no non-trivial idempotents; this is equivalent to the classical topological notion 
when F[G] is of finite type, i.e. dim(G) is finite. 

If G is an algebraic group, we denote by m e the defining ideal of the unit element e G G 
(it is the augmentation ideal of F[G] ); the cotangent space of G at e is g x := m e j m e 2 , 

which is naturally a Lie coalgebra. The tangent space of G at e is the dual space g := (g x ) * 
to g x : this is a Lie algebra, which coincides with the set of all left- (or right-) invariant 
derivations of F[G] . By U(q) we mean the universal enveloping algebra of g : it is a 
connected cocommutative Hopf algebra, and there is a natural Hopf pairing (see §1.2 (a)) 
between F[G] and U(q). If Char(k) = p > 0, then g is a restricted Lie algebra, and 
u(g) := U(g) I ({ x p — x^ | x G g }) is the restricted universal enveloping algebra of g . In 
the sequel, to unify notation and terminology, when Char{k) = we shall call any Lie 
algebra g "restricted", and its "restricted universal enveloping algebra" will be U(g>), and 
we shall write U(q) := U(q) if Charts) = and U(&) := u(g) if Charts) > 0. 

We shall also consider Hyp(G) := (F[G]°) £ = { f G F[G}° \ f(m e n ) = Vn ^ } , 
i.e. the connected component of the Hopf algebra -F[G7]° dual to which is called 

the hyperalgebra of G. By construction Hyp (G) is a connected Hopf algebra, containing 
g = Lie(G) ; if Char(k) = one has Hyp(G) = U(g) , whereas if Char(k) > one has 

a sequence of Hopf algebra morphisms U(q) » u(g) 1 >Hyp(G) . In any case, there 

exists a natural perfect (= non-degenerate) Hopf pairing between F[G] and Hyp(G). 

Now assume G is a Poisson group (for this and other notions hereafter see, e.g., [CP], 
but within an algebraic geometry setting): then F[G] is a Poisson Hopf algebra, and its 
Poisson bracket induces on g x a Lie bracket which makes it into a Lie bialgebra, and so 
U(q x ) and U(q x ) are co-Poisson Hopf algebras too. On the other hand, g turns into a 
Lie bialgebra — maybe in topological sense, if G is infinite dimensional — and U(q) and 
U(q) are (maybe topological) co-Poisson Hopf algebras. The Hopf pairing above between 
F[G] and U(q) then is compatible with these additional co-Poisson and Poisson structures. 
Similarly, Hyp(G) is a co-Poisson Hopf algebra as well and the Hopf pairing between F[G] 
and Hyp (G) is compatible with the additional structures. Moreover, the perfect ^non- 
degenerate) pairing g x g x — > k given by evaluation is compatible with the Lie bialgebra 
structure on either side (see §1.2 (b)): so g and g x are Lie bialgebras dual to each other. 
In the sequel, we denote by G* any connected algebraic Poisson group with g as cotangent 
Lie bialgebra, and say it is dual to G . 
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Let if be a Hopf algebra over an integral domain D . We call H a "function algebra" 
(FA in short) if it is commutative, with no non-trivial idempotents, and such that, if 
p := Char(k) > 0, then rf = for all r\ in the kernel of the counit of H . If D is 
a field, an FA is the algebra of regular functions of an algebraic group-scheme over D 
which is connected and, if Char(k) > , is zero-dimensional of height 1; conversely, if G 
is such a group-scheme then F[G] has these properties. Instead, we call H a "restricted 
universal enveloping algebra" (=rUEA) if it is cocommutative, connected, and generated 
by its primitive part. If D is a field, an rUEA is the restricted universal enveloping algebra 
of some (restricted) Lie algebra over D ; conversely, if q is such a Lie algebra, then U (g) 
has these properties (see, e.g., [Mo], Theorem 5.6.5, and references therein). 

For the Hopf operations in any Hopf algebra we shall use standard notation, as in [Ab] . 

Definition 1.2. 

(a) Let H , K be Hopf algebras (in any category). A pairing ( , ) : H x K ► R 

(where R is the ground ring) is a Hopf (algebra) pairing if (x, y\-y2) = {A(x), y\®y2) '■= 

(^(1) , ?/i ) • ( X (2),V2) , (xi ■ x 2 , y) = (xi <g> x 2 , A(y)) := (xi,y(i)) ■ (x 2 ,y(2)) , 

(x, 1) = e(x) , (1, y) = e(y) , (S(x), y) = (x, S(y)) , for all x, x\, x 2 G H, y, y u y 2 G K. 

(b) Let q, f) be Lie bialgebras (in any category). A pairing ( , ):gxf) ► k (where 

k is the ground ring) is called a Lie bialgebra pairing if (x, [yi, 2/2]) = ($(x), yi <S> 2/2) : = 
E[x] ( x [i],yi) ■ (x[2],y2), ([xi,x 2 ],y) = (xt ® x 2 ,S(y)) := J2[ y ] ( x uV[i]) • ( x 2,y[2]) , for 
all x,X!,x 2 G Q and y,y!,y 2 e I), with S(x) = J2[ x ] x [i] ® x [2 ] and 8{y) = J2[ x ] V[i\ ® V[2\ ■ 

1.3 The quantum setting. Let R be a (integral) domain, and let F = F(R) be 
its quotient field. Denote by M. the category of torsion-free .R-modules, and by HA the 
category of all Hopf algebras in M ; note that fiat modules form a full subcategory of 
M. . Let Mf be the category of F-vector spaces, and HAf be the category of all Hopf 
algebras in Mf ■ For any M G M. , set Mp := F(R) ®_r M . Scalar extension gives a 
functor M. — ► Mf , M 1— > Mp , which restricts to a functor HA — >■ HAf as well. 

Let h G R be a non-zero element (which will be fixed throughout), and let k := Rj (h) = 
R/hR be the quotient ring. For any .R-module M, we set M h := M/hM = k <g) R M : 
this is a k-module (via scalar restriction R — > R/hR=:k), which we call the specialization 

^ M. 



of M at h = ; we use also notation M — — > M to mean shortly that M h 

h=o 

Moreover, set := HnS) ^ n -^ (this is the closure of {0} in the ft-adic topology of M) 



For any HeHA, let I H :=Ker(H 4 i? k) and set 4°°:= flS-^- 

Finally, given EI in HAf, a subset if of EI is called an R-integer form (or simply an 
R-form) of EI iff H is a Hopf i?-subalgebra of EI (so H is torsion-free as an i?-module, 
hence H G HA) and i2> := F(R) ® R H = H . 

We are now ready to introduce the notion of "quantum group" . 
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Definition 1.4. ("Global quantum groups" [or "algebras"]) Let R, heR\{0} be as in $1.3. 

(a) We call quantized restricted universal enveloping algebra (in short, QrUEA) (at h) 
any tin G HA such that Un\ h _ Q :=Ufr/hUfr is (isomorphic to) an rUEA. 

We call QrUEA the full subcategory of TLA whose objects are all the QrUEAs (at h). 

(b) We call quantized function algebra (in short, QFA) (at h) any Fn, G HA such that 
(-Fft)oo = ^ F n° (notation of^l.3) 1 and Fn\ h=0 := F h /h~F h is (isomorphic to) an FA. 

We call QTA the full subcategory of HA whose objects are all the QFAs (at h). 

Remark 1.5: If 11% is a QrUEA (at h, that is w.r.t. to h) then ZY^| ft _ is a co-Poisson 
Hopf algebra, w.r.t. the Poisson cobracket 5 defined as follows: if x G Un\ h=Q and x' G U% 
gives x = x' mod hU h , then S(x) := (h' 1 (A(x') - A op (x / ))) mod H {U h <g> U h ) . If 
k := R/hR is a field, then Uh\ h=Q — for some Lie algebra 5, and by [Dr], §3, the 

restriction of 5 makes g into a Lie bialgebra (the isomorphism Uh\ h=0 — U{q) being one 
of co-Poisson Hopf algebras); in this case we write Un = Un(o) ■ 

Similarly, if Fn is a QFA at H, then Fn,\ h=Q is a Poisson Hopf algebra, w.r.t. the Poisson 
bracket { , } defined as follows: if x, y G F h \ h=Q and x', y' G F h give x = x' mod hF h , 
y = y' modft-Ffr, then {x, y} := [h~ 1 (x'y' — y' x')~) mod hF^. Therefore , if k : = 
R/hR is a field, then Fj%\ n _ Q = F[G] for some connected Poisson algebraic group G (the 
isomorphism being one of Poisson Hopf algebras) : in this case we write Fn = F% [G] . 

Definition 1.6. 

(a) Let R be any (integral) domain, and let F be its field of fractions. Given two F- 
modules A, M, and an F -bilinear pairing AxB — > F , for any R-submodule A C A and 
B CM we set A* := j b G B (A, b) C i?| and B* := { a G A (a, fl) C i?| . 

f&j Let R be a domain. Given H, K G u>e say that H and K are dual to each 

other if there exists a perfect Hopf pairing between them for which H = K* and K = H* . 



§ 2 The global quantum duality principle 

2.1 Drinfeld's functors. (Cf. [Dr], §7) Let R, HA and he R be as in §1.3. For any 

H eHA, let / = := KerihL — » »R/hR = k) = Ker[H »H/hH^>k) 

(as in §1.3), a maximal Hopf ideal of H (where e is the counit of H\ h , and the two 
composed maps clearly coincide): we define 

# V := E n >o^ = £ n >o(^) n = U n >o(^) n (QHf) ■ 
If J = j H :=Ker(e H ) then 1 = J + h-l H , so tf v = £ n > Jn = £n>o J T to °- 

1 This requirement turns out to be a natural one, see Theorem 3.8. 
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Given any Hopf algebra H : for every n G N define A n :H — > £[® n by A := e, 
A 1 := id H , and A n := (A <g> id® (n_2) ) o A n_1 if n > 2. For any ordered subset E = 
{zi, . . . ,ik} C {1, . . . , n} with zi < • • • < i k , define the morphism j s : H® k — > H® n 
by Js(ai ® ••• ® cik) := &i <S> • • • <8> & n with bi : = 1 if z ^ E and 6i m := a m for 
1 < m < k ; then set A E := j E o A k , A := A , and <S E := Ee'ce (— As' , 
^0 := e. By the inclusion-exclusion principle, this definition admits the inverse formula 
A s = E*ce ^ • We shall also use the notation S := 5$ , 5 n := 5{i,2,...,n} ? an d the useful 
formula 5 n = (id H -e) 8 "oA", for all n G N + . 

Now consider any i7 G 7Y^4 and h£ R as in §1.3: we define 

H' := {a e H \ 8 n (a) G h n H® n , V n G N } (C#). 



Theorem 2.2. ("The Global Quantum Duality Principle" ) Assume k: = R/h~R is afield. 

(a) The assignment H \— > if v , resp. H ^ H' , defines a functor ( ) v : 7i„4 — > HA, 
resp. ( ) : HA — ► HA, whose image lies in QrUSA, resp. in QTA. Moreover, for 
all H G HA we have H C (H v )' and H D (H') W , hence also H v = ((# V )') V and 
H' = ((i7') V )'. Finally, if H G HA is flat, then H v and H' are flat as well. 

(b) Assume that Char(k) = . Then for any H G HA 

H = (H v )' <=^> H G QTA and H = (H') W <=^> H G QrUSA ; 

thus we have two induced equivalences, namely ( ) v : QTA > QrUSA, H i— > if v , 

anrf ( ) : QrUSA > QTA, H ^ H' , which are inverse to each other. 

(c) ("Quantum Duality Principle") Assume that Charik) = 0. Then 

F h [G] v :=F h [G] v /hF h [G] v = U(gx) , U h {g)' := U h (g)' / hU h {g)' = F[G*] 

(with G, g, g x , g* and G* as in §1.1, and Un(g) has the obvious meaning, cf. $1.5) where 
the choice of the group G* — among all the connected Poisson algebraic groups with tangent 
Lie bialgebra g* - - depends on the choice of the QrUEA U^g). In other words, Fn,[G] v 
is a QrUEA for the Lie bialgebra g x , and U^g)' is a QFA for the Poisson group G* . 

(d) Let Char(k) = . Let F^ G QTA, G QrUSA be dual to each other (with respect 
to some pairing). Then F^ and Un are dual to each other (w.r.t. the same pairing). 

(e) Let Char(k) = . Then for all EI G HAp the following are equivalent: 
EI has an R-integer form -Hm which is a QFA at h; 

EI has an R-integer form which is a QrUEA at h~ . 



Remarks 2.3: after stating our main theorem, some comments are in order. 

(a) The Global Quantum Duality Principle as a "Galois correspondence" type theorem. 
Let L C E be a Galois (not necessarily finite) field extension, and let G := Gal (E/L) be 
its Galois group. Let T be the set of intermediate extensions (i.e. all fields F such that 
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L C F C E ) , let S be the set of all subgroups of G and let S c be the set of all subgroups 
of G which are closed w.r.t. the Krull topology of G. Note that T , S and S s can all be 
seen as lattices w.r.t. set-theoretical inclusion — S c being a sublattice of S — hence as 

categories too. The celebrated Galois Theorem yields two maps, namely ^ : T > S , 

F i-> Gal (E/F) := {7 G G I 7 | F = id F } , and V: S ► JF, if 1— > E H := { e G 

F I 77(e) = e V 77 G if } , such that: 

- 1) <?> and ^ are contravariant functors (that is, they are order-reversing maps of 
lattices, i.e. lattice antimorphisms) ; moreover, the image of ^ lies in the subcategory S c ; 

-2) for H G S one has = H , the closure of if w.r.t. the Krull topology: 

thus H C @(&(H)) , and o ^ is a closure operator, so that H E S c iff if = ${&{H)) ; 

- 5; for F E T one has «P(<2»(F)) = F ; 

- ^ ^ and ^ restrict to antiequivalences ^ : JF — > 5 C and : 5 C — > T which are 
inverse to each other. 

Then one can see that Theorem 2.2 establishes a strikingly similar result, which in 
addition is much more symmetric: HA plays the role of both T and S, whereas ( )' 
stands for !^ and ( ) v stands for QTA plays the role of the distinguished subcategory 
S c , and symmetrically we have the distinguished subcategory QrUEA. The composed 
operator (( ) v ) = ( )' o ( ) v plays the role of a "closure operator", and symmetrically 
(( )') V = ( ) V ( )' plays the role of a "taking-the-interior operator": in other words, 
QFAs may be thought of as "closed sets" and Qr UEAs as "open sets" in HA . 

(b) Duality between Drinfeld's functors. For any n G N let : J H ® n < — ► H® n H 
be the composition of the natural embedding of J H ® n into H® n with the n-fold multi- 
plication (in H): then \i n is the "Hopf dual" to 8 n . By construction we have if v = 
EneNA*n(^" n ^® n ) and H' = D n6N ^ {h +n J H ® n ) : this shows that the two functors 
are built up as "dual" to each other (cf. also part (d) of Theorem 2.2). 

(c) Ambivalence QrUEA <-> QFA in HAf ■ Part (e) of Theorem 2.2 means that some 
Hopf algebras over F(R) might be thought of both as "quantum function algebras" and as 
"quantum enveloping algebras": examples are Up and F F for U G QrUEA and F G QTA. 

(d) Drinfeld's functors for algebras, coalgebras and bialgebras. The definition of either of 
Drinfeld functors requires only "half of" the notion of Hopf algebra. In fact, one can define 
( ) v for all "augmented algebras" (that is, roughly speaking, "algebras with a counit") 
and ( )' for all "coaugmented coalgebras" (roughly, "coalgebras with a unit"), and in 
particular for bialgebras: this yields again nice functors, and neat results extending the 
global quantum duality principle hold for them; we shall prove all this in the next section. 
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§ 3 General properties of Drinfeld's functors 

3.1 Augmented algebras, coaugmented coalgebras and Drinfeld's functors for 
them. Let R be a commutative ring with 1, Ai the category of torsion- free -R-modules. 

We call augmented algebra the datum of a unital associative algebra A e M with 
a distinguished unital algebra morphism e : A — > R (so the unit map u : R — > A 
is a section of e): these form a category in the obvious way. We call indecompos- 
able elements of an augmented algebra A the elements of the set Q(A) := J A / J A with 
J A := Ker ( e : A — > R ) . We denote A + the category of all augmented algebras in M. . 

We call coaugmented coalgebra any counital coassociative coalgebra C with a distin- 
guished counital coalgebra morphism u : R — ► C (so u is a section of the counit map 
e : C — > R), and let 1 := u(l) , a group-like element in C : these form a category in 
the obvious way. For such a C we said primitive the elements of the set P(C) := { c G 
C | A(c) =c® 1 + 1 ®c } . We denote C + the category of all coaugmented coalgebras in M . 

We denote B the category of all bialgebras in M ; clearly each bialgebra B can be seen 
both as an augmented algebra, w.r.t. e = e = e s (the counit of B ) and as a coaugmented 
coalgebra, w.r.t. u = u = u B (the unit map of B), so that 1 = 1 = 1 B : then Q(B) is 
naturally a Lie coalgebra and P(B) a Lie algebra over R . In the following we'll do such 
an interpretation throughout, looking at objects of B as objects of A + and of C + . 

Now let R be a domain, and fix h G R \ {0} as in §1.3. Let A G A + , and I = I A := 

:=Ker(A — »R »R/hR = k) = Ker (A »A/hA »kj as in §1.3, a max- 
imal Hopf ideal of A (where e \ h=Q is the counit of ^4| ft=0 , and the two composed maps 
do coincide): like in §2.1, we define 

If J = J A :=Ker(e A ) then I = J + h ■ 1 A , thus A v = E n > ^~ n J n = E n >o J T • 

Given any coalgebra C, for every nGN define A n : C — > C® n by A := e , A 1 := id c , 
and A n := (A <g> idc (n_2) ) ° A n_1 if n > 2 . If C is coaugmented, for any ordered subset 
E = {ii, . . . , ik} C {1, . . . , n} with ii < • • • < ifc , define the morphism : C® fc — >■ C® 71 
by J s (ai <8> • • • Cg>a/c) := 6i <8) • • -<8>b n with 6^ := 1 if % E and bi m := a m for 1 < m < k ; 
then set A E := j s o A fe , A := A , and <5 S := J] s , cS (-l) n ~l S Ia S / , #0:=e. Like 
in §2.1, the inverse formula A^ = X]*ce ^* holds. We'll also use notation do := 8$ , 
8 n '■= <5{i,2,...,n} 5 and the useful formula 5 n = (id c — e • 1 ) <g)n o A n , for all n G N + . 
Now consider any C G C + and h E R as in §1.3. We define 

C" := {ceC\5 n (c) eh n C® n , VneN} (cc). 

In particular, according to our general remark above for any B G B (and any prime 
element h G R as above) £? v is defined w.r.t. e = e B and S' is defined w.r.t. 1 = 1 B . 
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Lemma 3.2. LetHeHA, and set H := H / (notation of §1.3). Then: 

(a) = (#')oo , #oo C (ff v ) oo , is a Hopf ideal of H , and (H)^ = {0} . 
Moreover, there are natural isomorphisms (H ) V = H y j , (iJ ) = H' / . 

(b) H G HA, and H\ h _ Q = H\ n _ Q ■ In particular, if H\ h has no zero-divisors the 
same holds for H , and if H is a QFA, resp. a QrUEA, then H is a QFA, resp. a QrUEA. 

(c) Analogous statements hold for any A G A + , any C G C + and any B G B . 

Proof. Trivial from definitions. □ 

Proposition 3.3. Let Ae A + , B eB, H eHA . Then A v eA + , B v eB, and H v eHA. 
If in addition A, resp. B, is flat, then A w , resp. B w , is flat as well. 

Proof. First, we have A w , B v , H v G M. , for they are clearly torsion- free. In addition, A v 
is obtained from A in two steps: localisation — namely, A >~w A [ft -1 ] - and restriction, 
i.e. taking a submodule — namely, A [ft -1 ] >-~» A y ( C A [ft -1 ] ) . Both these steps preserve 
flatness, hence if A is flat then A y is flat too, and the same for B and B v . 

Second, A v := X^lo ^ n ^ n where J : = Ker(e A ) , so A v is clearly an i?-subalgebra of 
A F , hence A y G A + ; similarly holds for B and H of course. Moreover, J B is bi-ideal of 
B, so A(J B ) C B <g> J B + J B <g> B , hence A(j B n ) C J B r ® Jb for all ra G N , thus 

r+s=n 

A(ft -n J B n ) C ft - " £ J B r ®J B s = {h~ r J B r ) ® (ft" s i s ) C B V ®B V for all n G N, 

whence A(S V ) C S v <g> S v which means B w E B . Finally, for i7 we have in addition 
^(J/ 1 ) = J B n (for all n G N) because J H is a Hopf ideal, therefore S(ft -n J B n ) = ft -n J H n 
(for all n G N), thus S(# v ) = # v and so H v eHA. □ 

Lemma 3.4. Let S be any bialgebra. Let a, b G B, and let $CN, with $ finite. Then 
(a) S<s>(ab) = X S A (a)S Y (b); 

A UY=* 

(6J if ft, then 5^{ab-ba)= £ (<5 A (a) <5 y (6) - 5 y (6) <5 A (a)) ; 

(cj z/ the ground ring of B is a field, and if D n :— Ker(5 n +i) (for all n GN ), then 
D : {0}=:D_iCD CD 1 C-..D n C- {QB) 

is a bialgebra filtration of B with [D m ,Z) n ] C D m+n -i (Vm,n G N) , hence the asso- 
ciated graded bialgebra is commutative. If B = H is a Hopf algebra, then D_ is a Hopf 
algebra filtration, so the associated graded bialgebra is a commutative graded Hopf algebra. 

Proof, (a) (cf. [KT], Lemma 3.2) First, notice that the inversion formula A$ = J^c^ 
(see §2.1) gives X^ck 8y(ab) = A^(ab) = A* (a) A*(6) = X A ,yc<K M a ) S Y (b) ; this can 
be rewritten as 
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We prove the claim by induction on the cardinality |<E»| of $. If $ = then 5$ = j @ o e , 
which is a morphism of algebras, so the claim does hold. Now assume it holds for all sets 
of cardinality less than |$|, hence also for all proper subsets of $ : then the right- hand-side 
of (3.1) equals E 5^(ab) + E ^a(o-) Sy(b) . Then the claim follows by subtracting 

>I<C$ AUY=<J> 

from both sides of (3.1) the summands corresponding to the proper subsets \1/ of 

(b) (cf. [KT], Lemma 3.2) The very definitions give 5a(o>) Sy(b) = Sy(b) S\(a) when 
A fl Y = , so the claim follows from this and from (a). 

(c) Let a G D m , b G D n : then ab G D m+n because part (a) gives d m+n+ i(ab) = 
X^Auy={i m+n+i} ^a(^) 8y (b) = since in the sum one has |A| > m or |Y| > n which 
forces 5a (a) =0 or <5y (6) = . Similarly, [a, 6] G _D m+n _i < m + n — 1 because part (b) 
yields 5 m+n ([a,6]) = V 5 A (a)5 y (6) = 0. 

v ' AUr ={l,...,m+n| 

Anr/0 

Second, we prove that A(D n ) C E r+S =n D r ®D s , for all n G N . Let 77 G D n \ L> n _i . 
Then A(t/) = e(7/) •1®1 + t/®1 + 1(8)7/ + <5 2 (f7) ; since 7J := Ker (<5i) = (1) = k • 1 we 
need only to show that #2(77) G J2 r +s=n D r ® D s . We can write 62(1]) = ^ ■ ttj <E> with 
Wj, Vj £ J := Ker (e) — so that 5i(w.j) = for all j — and the Uj's linearly independent 
among themselves. By coassociativity of A one has (S r <S>5 S ) o5 2 = <5 r+s (for all r, s G N ); 
therefore, = 5 n+ i(rj) = ^ ■ <^i(%) <8> 5 n (^j) = ^ ■ <8> <5 n (f j) : since the tt^'s are linearly 
independent, this yields S n (vj) = 0, that is Vj G Ker(5 n ) =: -D n -i > for all j . 

Now, set D J n := D n fl J for n G N . Splitting J as J = Tjf © Wi — for some subspace 
W\ of J — we can rewrite 62(1]) as ^2(77) = <8> -i^ n 1 + Eh -u^ ® u^" , where G 

D3 7 , u+ eW u ^ (n_1) , v+ G D 3 n _ x (for all i, /*) and the it^'s are linearly independent. 
Then also the 5 2 (w^)'s are linearly independent: indeed, if E/i c /i ) = for some 
scalars Ch then J2h c h u t e Ker (62) =: -Di , forcing Ch = for all /i . Then again by 
coassociativity = 5 n+1 (rj) = (5 2 5 n - 1 )(5 2 (r))) = Y^i^{ u t) ® S n-i( v h) > wm ch — as 
the <5 2 (w^)'s are linearly independent — yields 5 n -i (y£) = , i.e. v£ G -D n _ 2 , for all /i . 

Now we repeat the argument. Splitting J as J = D 2 @ W% - - for some subspace W2 
of J — we can rewrite <5 2 (77) as <5 2 (77) = Ei it^ <8> u> n_1) + Ej it^ 2) ® ^• n_2 ' ) + Efc u t® v l^ 
where it^ G D 2 fl J 5 ^j" 2 ^ ^fc e -Dn-2 fl ^ 5 w fc e ^2 (for all j, k) and the u^s are 
linearly independent. Then also the ^(uj^Vs are linearly independent (as above), and by 
coassociativity we get = 5 n+1 (rj) = (S 3 <g> 5 n _ 2 ) (5 2 (ry)) = ^2 k S 3 (u* k ) <g> 5 n _ 2 (^) , which 
gives 5 n -2(vl) = , i.e. vl G -D n -3 > for all . Iterating this argument, we eventually stop 

getting s 2 (v) =E*«* (1) ®«* (n " 1) +E i «r^ n " 2)+ ---+^ u ?" 1) ® v ^ = Er=i 1 Et«S® 

^~ S) witn G -° s ' t 'M~ S) G ^n-s for all s, t, so 5 2 (r/) G E a +6=n ^« ® ^ > Q- e -d- 
Finally, if B = H is a Hopf algebra then Ao5 = S 1 ® 2 o A , hence A n o S = S® n o A n 
(n G N ), and e o S = S o e , thus 5 n oS' = #® n o S n (for all n G N ) follows, which yields 
S(D n ) C 7J n for all n G N. Thus D is a Hopf algebra filtration, and the rest follows. □ 
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Proposition 3.5. Assume that k := R/hR is a field. Let C G C + , B G B, H G HA. 
Then C G C + , B'eB, and H'eHA. Moreover, ifC, B, is flat, then C , B' , is flat too. 

Proof. First, by definition C is an .R-submodule of C, because the maps 5 n (n G N ) are 
i?-linear; since C is torsion-free, its submodule C is torsion-free too, i.e. C G M. . In 
addition, C is an .R-submodule of C, and taking a submodule preserve flatness: hence if 
C is flat then C is flat too. The same holds for B and B' as well. 

We must show that C is a subcoalgebra. Due to Lemma 3.2(c), we can reduce to prove 
it for (C)', that is we can assume from scratch that = {0} . 

Let R be the ft-adic completion of R . Let also C be the ft-adic completion of C : this 
is a separated complete topological i?-module, hence it is topologically free (i.e. of type 
R Y for some set Y); moreover, it is a topological Hopf algebra, whose coproduct takes 
values into the ft-adic completion C ®C of C ® C . Since = {0} , the natural map 
C — > C is a monomorphism of (topological) Hopf .R-algebras, so C identifies with a Hopf 
.R-subalgebra of C. Further, we have C j h n C = C j h n C for all n G N. Finally, we set 

C* := Hom n (p,R} for the dual of C. 

Pick a G C ; first we prove that A(a) G C <g> C : to this end, since C is topologically 
free it is enough to show that (id<g)/)(A(a)) G C ®r R - 1 for all / G (7*, which amounts 
to show that ((<5 n ® /) o A) (a) G ® R R ■ 1 for all n G N+ , f e C* . Now, we can 

rewrite the latter term as 

((<5„®/)oA)(a)= (((id-e-l)® n ®/)oA-+ 1 )(a)=^(a)®/(l).l+(id®"®/)(5 n+1 (a)) 

and the right-hand-side term does lie in h n C® n ®r R ■ 1 , for a G C", q.e.d. 

Definitions imply A(x) = — e(x) • 1(8) 1 + x® 1 + 1 (8)^ + ^2 (^) for all xGC. Due to the 
previous analysis, we argue that 62 (a) G C"®C for all a G C , and we only need to show 
that 62(a) G C ®C : this will imply A (a) G C" <g> C since 1 G C (as it is group-like). 

Let C be the /i-adic completion of C: again, this is a topologically free i?-module, 
and since (C) = Coo = {0} (by Lemma 3.2(a) and our assumptions) the natural map 
C — >■ C is in fact an embedding, so C identifies with an i?-submodule of C . If 
e J} is a subset of C whose image in C | h=Q is a basis of the latter k-vector 

space, then it is easy to see that C = Rj3j : fixing a section v : k c — > R of the 

jej 

projection map R — » R/hR =: k, this implies that each element a G C" has a unique 
expansion as a series a = X^neN YljeJ ^ n Pj f° r some Kj jU G k which, for fixed n, 

are almost all zero. Finally CP 1 1 hC' = C 1 1 hC = B / 1 hB , with B := R(3 3 . 

We shall also consider (C 1 )* := Hom^(c' , R j , the dual of C . 
Now, we have 62(a) G C" <8) C C C <8> C , so we can expand £2(0) inside C ® C as 
$2(0) = Zliex (Z)neNX)jej-^( K },n) ^ n ® c i for some K i,n ^ k as above and a G C 
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(I being some finite set). Then we can rewrite 62(a) as 

fc(a) = E & ® f E = E ft® 7* e c"®3 

where 7j := E n eN Eiez u { K% j,ri) H n ■ Ci £ C for all j, and C ®C is the completion of 
C ®C w.r.t. the weak topology. We contend that all the 7/s belong to (C )' . 

In fact, assume this is false: then there is s G N + such that 6 s (^i) £ k s C® s for some 
i £ J; we can choose such an i so that s be minimal, thus 5 s '(7j) £ H s C® s for all 
j £ J and s' < s ; since 5 S = (62 <E> id) o 5 s _i - by coassociativity — we have also 
5 s (lj) G ft s_1 C® s for all j G Now consider the element 

the right-hand-side space being equal to (C'/hC) ®k(H s ~ 1 C® s /H S C® S ) ; hereafter, such 
notation as x will always denote the coset of x in the proper quotient space. By construc- 
tion, the /3j's are linearly independent and some of the 5 s ( 7 j)'s are non zero: therefore 
A is non zero, and we can write it as A = Yle.ec ®Xi (¥" 0) where £ is a suit- 
able non-empty index set, A^ (for all t) belongs to the completion C of C w.r.t. the 
weak topology, xe G H s ~ l C® s , the A/s are linearly independent in the k-vector space 
C'/HC (which is just the completion of C\ h=Q := C'/HC w.r.t. the weak topology), 

and the x^'s are linearly independent in the k-vector space H S ~ 1 C® S I H S C® S . In par- 
ticular X e G' HC for all £j so there is r G N+ such that 6 r (X e ) eH r C® r \ h r+1 C® r for 
all I G C (hereafter, K® m denotes the completion of K® m w.r.t. the weak topology), 
hence 6 r (X £ ) ^ G H r C® r ^H r+1 C® r . Now write 5 n for the composition of 5 n with a 
projection map (such as X — » X/h X , say): then the outcome of this analysis is that 

(S^^Ts) (S 2 (a)) = ( T r <g> id) (j2 j€ j P]®6 S ( 7i ) ) = E^£^(A^) ^ 

in the k-vector space [h r C® r / H r+1 C® r ^j ® k (h'^C® 8 j H s C® s ^j . 

On the other hand, coassociativity yields (5 r <g> <5 s )(^2(a)) = 5 r +s(a) . Therefore, since 
a G C we have 5 r+s (a) G ft r + s C®( r + s ) , hence 5 r+s (a) = in the k-vector space 
far+s-i(j®(r+s) j fir+s(j®(r+s) _ n OWj there are standard isomorphisms 

H e C® e /H e+1 C® r ^ (H e C® e )® R k for £G {r,s-l,r + s-l} 
(r +s " 1 C® s ) ® fl k ((ft r C 8r ) ® fl k) (g) k ((H^C® 8 ) ® R k) 

ft r+»-l C «(r+ S ) j h {r+s) C ®{r+s) ^ ^r^r jff+^C®^ <g) k (/fc'^C® 8 /H a C® a ^j . 

Moreover, (Vc® r /V +1 C® r ) ® k (V" 1 ^ / H s C® s ^j naturally embeds, as a dense subset, 
into [h r C® r / H r+1 C® r ^j ® k (H^C® 3 j H s C® s ^j , so via the last isomorphism above we get 
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This last monomorphism maps (6 r <E> 5 S ) (62(a)) = 6 r + s (a) =0 onto ( 6 r <g>6 8 ) (62(a)) 7^0, 
a contradiction! Therefore we must have 7^ G (C ) for all j <E J , as contended. 

The outcome is <5 2 (a) = J2jejPj®lj e C'®(C)', so <5 2 (a) G (C <g> C) f| (C® (£)')• 
For all neN, the result above yields (id® 6 n )(6 2 (a)) G (C"®C® n ) f| (c"§> <$n ((£)')) C 
C (C <g> C® n ) Pi (C ® h n C ® n ) = C" <g> ft n C® n , because C /h n C = C /h n C (see above) 

implies CH^ n 5 = So we found (id ® 6 n )(6 2 (a)) e C" <g> ft n C® n for all n G N. 

Acting like in the first part of the proof, we'll show that this implies 62(a) G C <g) C . To 
this end, it is enough to show that (/ <g) id) (62(a)) G R-l <S>rC for all / G (C)*, which 
amounts to show that (/<gx5 n )(5 2 (a)) G -R- 1 ®i? h n C® n for all n G N+ , / G (C 7 )* . But 
this is true because (/®<5 n )(5 2 (a)) = (/ <g> id) ((id® 5 n ) (5 2 (a))) G (/®id)(C"®ft n C® n ) C 
-R • 1 (g>i? ft n C® n . We conclude that C G C+, q.e.d. 

Now look at B & B . By the previous part we have G C + . Moreover, 5' is multi- 
plicatively closed, thanks to Lemma 3.4(a), and 1 <E B' by the very definitions. Thus B' 
is an i?-sub-bialgebra of S, so B' G B . 

Finally, for H G HA one has in addition A o S = S® 2 o A , which implies A n o S = 
S ®n oA n hence 5nOS = S ®n oSn ^ for all iigN. This clearly yields S(H') = H' , whence 
H' is a Hopf subalgebra of H, thus H' G 7"L4, q.e.d. □ 

Remark : The "hard step" in the previous proof — i.e. proving that A(C") C C" ® C" 
- is much simpler when, after the reduction step to = {0} , one has that C is free, as 
an .R-module (note also that for C free one has automatically = {0} ). In fact, in this 
case — i.e. if C is free — we don't need to use completions. The argument to prove that 
62(a) G C"®C goes through untouched, just using C instead of C, the freeness of C taking 
the role of the topological freeness of C ; similarly, later on if C also is free (for instance, 
when R is a PID, for C is an .R-submodule of the free -R-module C ) we can directly use it 
instead of the topologically free module C, just taking { (3j | j G J } to be an .R-basis of 
C : then we can write 62(a) = J2jeJ e C'®C for some 7 j G C , and the argument 

we used applies again to show that now 7*, G C for all j , so that 62(a) G C <g> C , q.e.d. 

Theorem 3.6. Assume that k := R/hR is a field. 

(a) X 1— > X v gives well-defined functors from A + to A + , from B to B, from HA to HA . 

(b) X 1— >X' gives well-defined functors from C + to C + , from B to B, from HA to HA . 

(c) For any BeB we have BC(B V )', BD(B') W , hence B v = ((5 V )') , B'= ((B')^'. 

Proof. In force of Propositions 3.3-5, to define the functors we only have to set them on 
morphisms. So let <p G Mor A + (A, E) be a morphism in A + : by scalar extension it gives 
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a morphism A F — > E F of Hopf F(.R)-algebras, which maps h~ 1 J A into h~ l J E , hence 
A w into E y : this yields the morphism </? v G Mor A + (A v , i? v ) we were looking for. On 
the other hand, if ijj G Mor c +(C, .T) is a morphism in C + then 5 n o ip = ip® n o 5 n for all 
n , so ip(C) C r" : thus as -0' G Mor c + (C, we take the restriction of ^ to C". 

Now consider B E B. For any n G N we have 5 n (B) C J B ® n (see §2.1); this can 
be read as <5 n (B) C J B ® n = ^(rV,) 8 " C ^(S v ) 0n , which gives B C (B v )\ q.e.d. 

On the other hand, let /' := Ker(B' ^ R --^ k) ; since (S') V := U^ =0 (ft" 1 ^)"' in 

order to show that B D (B'Y it is enough to check that £? D ft -1 /' . So let x' G I' : then 
& HB , hence a;' = + e(x') e hB. Therefore ft~V G S , q.e.d. Finally, the 

last two identities follow easily from the two inclusions we've just proved. □ 

Theorem 3.7. Assume that k := R/hR is a field. 



Let B e B . Then B 



is an rUEA (see §1.1), generated by h J mod KB 



In particular, if H G HA then H v G QrUSA. 

Proof. A famous characterization theorem in Hopf algebra theory claims the following 
(cf. for instance [Ab], Theorem 2.5.3, or [Mo], Theorem 5.6.5, and references therein, 
noting also that in the cocommutative case connectedness and irreducibility coincide): 

A Hopf algebra H over a ground field k is the restricted universal enveloping algebra 
of a restricted Lie algebra g if and only if H is generated by P(H) (the set of primitive 
elements of H) and it is cocommutative and connected. In that case, g = P(H). 

Thus we must prove that the bialgebra B w \ h=Q is in fact a Hopf algebra, it is gener- 
ated by its primitive part i 3 (i? v |^_ ) and it is cocommutative and connected, for then 
B v \ h=Q =U(q) with g = P(B y \ h=Q ) being a restricted Lie bialgebra (by Remark 1.5). 

Since £? v = J2 n>0 {h~ x J ) n , it is generated, as a unital algebra, by J v := h~ 1 J. 
Consider j v G J v , and j := hj y G J; then 

A(.?') = 8 2 (j) + j <g> 1 + 1 <g> j - e(j) - l®lej®l + l®j + J®J 

for A = 62 + id (g) 1 + 1 <g> id — e • 1 <8> 1 and Im (5 2 ) C J <g> J by construction. Therefore 

A(j v ) = 5 2 (j v ) + j v ® 1 + 1 ® j v - e(j v ) -1®1 = 5 2 (j v ) + j v ® 1 + 1 ® j v G 

ej v ®i + i®j v + r 1 J®J = j v ®i + i®i v + ft +1 J v ® J v 

whence 

A(j v ) = j v O 1 + 1 <S> j v modftB v (Vj' v GJ v ). (3.2) 

This proves that J w \ h _ G Q ^(^In-o) > anc ^ s i nce ^ V L-o g enera *tes B y \ h _ Q (for J v gen- 
erates S v ), a fortiori S v | ft is generated by P(i? v | ;i ), hence i? v | is cocommutative 
too. In addition, (3.2) enables us to apply Lemma 5.5.1 in [Mo] - which is stated there 
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for Hopf algebras, but holds indeed for bialgebras as well — to the bialgebra 7? v | ft , with 

A Q = k-1 and A x = J v / (J v n hB y ) : then that lemma proves that | is connected. 

Another classical result (cf. [Ab], Theorem 2.4.24) then ensures that B w \ h _ Q is indeed a 
Hopf algebra; as it is also connected, cocommutative and generated by its primitive part, 
we can apply the characterization theorem and get the claim. □ 

Theorem 3.8. Assume that k := R/hR is a field. 

Let B e B . Then (B')^ = I B r°° and B' is commutative and has no non-trivial 
idempotents. In addition, when p := Char(k.) > each non-zero element of JB>\ h=0 has 
nilpotency order p , that is fj p = for all fj G JB'\ h=0 ■ 

In particular, if H G 1~LA then H' G QTA . 

Proof. The second part of the claim (about H G HA) is simply a straightforward refor- 
mulation of the first part (about B G £>), so in fact it is enough to prove the latter. 

First we must show that B'\ h is commutative, (-B')oo = ^b' 00 an< ^ ^'L=o ^ as no 
non-trivial idempotents (cf. §1.3-4). For later use, set 7:= I B , J:= J B , J':=J B > , I':=I B > . 

As for commutativity, we have to show that ab — ba £ hB' for all a, b E B' . First, 
by the inverse formula for A n (see §2.1) we have id B = A 1 = <5i + 5 = <5i + e ; so 
x = Si(x) +e(x) for all x G B . If x G B' we have 5i(x) G ft I? , hence there exists x\ E B 
such that 5i(x) = hx\ . Now take a, b G 7?' : then a = ftai + e(a) , b = hb\ + e(b) , 
whence ab — ba = he with c = ft(ai&i — bia\) ; therefore we are left to show that c G 7?'. 
To this end, we have to check that o$(c) is divisible by ft'*' for any nonempty finite subset 
$ of : as multiplication by h is injective (for B is torsion- free!), it is enough to show 
that 5<$>(ab — ba) is divisible by ft' $ l +1 . 

Let A and Y be subsets of $ such that AUY = $ and Any ^ : then |A| + |Y| > |$|+1 . 
Now, <5a (a) is divisible by ft' A ' and 0y(o) is divisible by ft' y '. From this and from Lemma 
3. 4 (7> J it follows that S$(ab — ba) is divisible by ft'*'" 1 " 1 , q.e.d. 

Second, we show that (-B')oo = (-0°° • By definition ftT?' C 7' , whence B'^ := 
OS C nS = : CO 00 ' Le - ( S ')oc ^ Conversely, I' = hB' + J' with 

HB' C ftB and J' = o"i(J') C ftB: thus 7'CftB, hence (/')°°cn+™rB =: . 
Now definitions give B^CB' and ft^T^ = for all I G Z, so h~ n (l')°° Ch^B^ = 
B^CB' hence (r)°°Ch n B' for all n G N, thus finally (7')°° C (B')oo- 

Third, we prove that B'\ h has no non-trivial idempotents. 

Let a G B', and suppose that a := a mod hB' £ 7?'| R is idempotent, i.e. a 2 = a. 
Then a 2 = a + ftc for some c G ftT?'. Set ao := e(a) , a± := Si (a) , and cq '■= e(c) , 
ci := Oi (c) ; since a, c G 7?' we have ai , ci G ftT? fl J = hJ . 

First, applying S n to the identity a 2 = a + he and using Lemma 3.4(a) we get 

E Ma) Ma) = *n(a 2 ) = <*„(a) + hS n (c) V n G N+ . (3.3) 

Auy={l,...,n} 
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Since a, c £ B' we have 5 n (a), 8 n {c) £ h n B® n for all n G N . Therefore (3.3) yields 
6 n (a) = E S A (a)5 Y (a) = 25o(a)5 n (a)+ E S A (a)6 Y (a) mod h n+1 B® n 

Auy={l,...,n} \UY={l,...,n} 

for all n G N + , which, recalling that ao := $o(a) , gives (for all n G N + ) 

(l-2a ) S n (a) = E 5 A (a)5 y (a) mod ft n+1 B® n . (3.4) 

Aur={l,...,n} 

Now, applying e to the identity a 2 = a + ft c gives ao 2 = ao + ft Co . This implies 
(l — 2 ao) G" ft-B : this is trivial if Char(R) = 2 or ao = ; otherwise, if (l — 2 ao) £ hB 
then ao = 1/2 + ft a for some a £ B , and so ao 2 = (l/2 + ft a) =l/4 + fta + ft 2 a 2 ^ 
1/2 + fta + ftco = ao + ftco, thus contradicting the identity ao 2 = ao + ftco . Now using 
(l — 2ao) G" hB and formulas (3.4) — for all n G N + — an easy induction argument 
gives S n (a) G ft n+1 S, for all n G N+ . Now consider a\ = a — ao = ha for some 
a G ft J: we have S (a) = e(a) = and 8 n (a) = h~ 1 S n (a) G h n B , for all n G N + , 
which mean a £ B' . Thus a = ao + ft a = ao mod ft £?' , whence a = ao G h Q ; 
then ao" 2 =a^6 k gives us a^ G {0, 1} , hence a = a"o G {0, 1} , q.e.d. 

Finally, assume that p := Char(k) > 0; then we have to show that rj p = for each 
fj G JB'\ h=0 j or simply rf G ft J B ' for each rj G J S ' . Indeed, for any n G N from the 
multiplicativity of A n and from A n (i]) = Eac{i n } ^(v) ( c f- §2-1) we have 

A»fa") = (A^)) P = (Eac { w } 5a(^)) P G Eac { i „} + 

n-l 

+ E ( ei , p ,J E nLi <M^) efc + ^ E Z h(J B ® k ) + h-J B ® n 

ei,...,e p <p Ai,...,A p C{l,...,n} fc=0 4-C{l,...,n} 

ei + "-e p =p |*|=fc 

because ^(77) G j A (j B ,® |A| ) (for all A C {1, . . . , n} ) and [J B , , J B ,] Ch J B , . Then 

^) = a-f(AV)) e ^r+E ( ei ,. p , e j e nLi^r+^ n 

ei,...,e p <p U fc A fc ={l,...,n} 
ei + "-e p =p 

Now, S n (r]) p G (ft n £?® n ) p C fi n + 1 B® n because r) £ B' , and similarly we have also 
riLi'M 7 ?) 6 * G ft E * |Afc|efe B® n C a n S® n whenever ULi A ^ = {!>• ••>*»}; in addition, 
the multinomial coefficient ( ei p e ) (with ei, . . . , e p < p) is a multiple of p, hence it is 
zero in R/hR = k, that is f p ) £ hR: therefore 

/ ' \ei,...,e p / 

E LJ..J E f[ S Ak (v) ek e h^B^ . 

ei,...,e p <p u£ =1 A fc ={l,...,n} k=l 

eiH he p =p 

Finally, since J B , C ftJ B we have also ftJ B f n C h n+1 B® n . The outcome then is that 

5 n (r] p ) £ h n+1 B® n for all n £ N , thus r]£hB' as expected. □ 
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§ 4 Drinfeld's functors on quantum groups 

From now on, we assume that k := R/hR is a field. 

Lemma 4.1. Let Fn G QTA, and assume that Fn\ h _ is reduced. Let I := I F% , let Fn 
be the I-adic completion of Fn , and I n the I-adic closure of I n in Fn, for all nGN. 

(a) Fn is isomorphic as an R-module (where R is the h-adic completion of R) to a 
formal power series algebra of type R\\\Xb] bes\\ ( w here S stands for some index set). 

(b) Letting v: k c > R be a section of the quotient map R » R/hR =: k, use 

it to identify (set-theoretically) Fn = R[[{Yb} beS \] with v(k)[[{Y } U {Yb} beS \] (with 

h = Yq ). Then via such an identification both (/ ) n and I n coincide with the set of all 
formal series of (least) degree n (in the Yi 's, with i G {0} US), for all n G N . 

(c) There exist k-module isomorphisms Gi(Fn) = k[lo, {Yi,} b6i5 ] = G-p(F) for the 
graded rings associated to Fn and Fn with the I-adic and the I-adic filtration. 

(d) Let [i : F h >■ F h be the natural map. Then n(F h ) f]I n = ^(I n ) for all n eN . 

Proof. Let F[G] = F h \ h=Q := F h /hF h , and let F\G] = F[[G]] be the m-adic completion 
of -F[67], where m = Ker(e F[G] ) is the maximal ideal of F[G] at the unit element of G. 

Then / = 7r _1 (m) , the preimage of m under the specialization map n : Fn » Fn/hFn = 

F[G] . Therefore tx induces a continuous epimorphism tt : Fn » F[G] = F[[G]] , which 

again is nothing but specialization at h = . Note also that the ground ring of Fn is R, 
because the ground ring of the J-adic completion of a unital .R-algebra is the (R(~) I)-adic 
completion of R, and the R(~) I = hR. Then of course Fn is also a topological -R-module. 
Moreover, by construction we have (Fn) = {0} . 

Now, let {yb} beS be a k-basis of m/m 2 = Q(F[G]) ; by hypothesis F[G] is reduced, 
thus is just the formal power series algebra in the y b s, i.e. -^[[67]] = k[[{Y" & } b6iS ]] . 

For any b G S, pick a j b G iv~ 1 (y b )f]J (with J := Ker (e Ff J ), and fix also a section 

v: k c > R of the quotient map R » R/hR = k as in (b). Using these, we can 

define a continuous morphism of i?-modules \1/ : R[ [{Yb} be g\ ] ► Fn mapping Y- := 

UbeS Y b~ {b) to 3- Ubesjb (b) for all e G Nf := { a G N 5 | a(b) = for almost all b G 
S } (hereafter, monomials like the previous ones are ordered w.r.t. any fixed order of the 
index set S ). In addition, using v one can identify (set-theoretically) R = z/(k)[[Yo]] (with 
h = Y Q ), whence a bijection i/(k) [[Y U {y b } b6<s ]] = #[[{>&} &6 s]] arises. 

We claim that \& is surjective. Indeed, since (Fn) = {0} , for any / G Fn there is a 

unique v h (f) G N such that / G h v ^F\ \ h v ^ +1 Fn , so TrjV^)/) = E e6N f c e • V~ 
for some c £ 6 I not all zero. Then for f\ := f — h Vh ^ ■ E e eN s v ( c §) ' 3~ we have 
v h{fi) > v h(f) ■ Iterating, we eventually find for / a formal power series expression of 
the type / = £ n£N h n ■ EeeNf v ( c e,n) -j- = E (eo ,e)eNxNf "(«e) ■ h eo j^, so / G Jm(tf) , 
q.e.d. Thus in order to prove (a) we are left to show that \& is injective too. 
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Consider the graded ring associated to the ft-adic filtration of F h , that is Gn(F h ) := 
®n=o (ft n %/ft n+1 Fh) : this is commutative, because F h /hF h = n(F h ) = F[[G]] is com- 
mutative, and more precisely G h (F h ) = k[h ] ®k (fy/hFn) = k[Y ] ® k F[[G]] = 

= [Yq] as graded k-algebras. In addition, the epimorphism (of R-modules) 

R® k F[[G}) »Fn induces an epimorphism GV (tf) : Gy (R ®kF[[G]]) » G h (F h ) 

of graded k-algebras, and by the very construction Gy (^) is clearly an isomorphism yield- 
ing (F[[G]])[y ] = G Y() {R®kF[[G]]) =G h (T h ): then by a standard argument (cf. [Bo], 
Ch. Ill, §2.8, Corollary 1) we conclude that \& is an isomorphism as well, q.e.d. 

As for part (b), we start by noting that I = 7r _1 (Ker (e F[[G]] )) = Ker(ejr-) + hFn, so 
each element of I is expressed — via the isomorphism \1/ — by a series of degree at least 
1; moreover, for all 6, d G S we have jbjd — jdjb = hj+ for some j + G Ker(e^) . This 
implies that when multiplying n factors from / expressed by n series of positive degree, we 
can reorder the unordered monomials in the y^s occurring in the multiplication process 
and eventually get a formal series — with ordered monomials — of degree at least n . This 

proves the claim for both I n and (l ) n . 

For part (c), the analysis above shows that the natural map n : F h — > F h induces 

k-module isomorphisms (T )"/(/ = (T) n / (l) n+1 * J™ / ' I n+1 (for all n G N), 
so Gj(F h ) := 0i»/i»+i = (/)"/(/ =: G f (*J) =0^; moreover, 

n=0 ' n=0 ' n=0 ' 

the given description of the J n 's implies G T (F h ) := I n / I n+ ^ k[Y , {Y b } beS \ as 

n=0 ' 

k-modules, and the like for Gi(Fn), thus (c) is proved. 

Finally, ^ is a direct consequence of (cj: for the latter yields k-module isomorphisms 
F h /I n - Gi (F h ) /Gj =G I {T h )/G I {? i )=T h /? i , thus =rC] fi(F h ) . □ 

Remark : the previous description of the "formal quantum group" F^ shows that the 
latter looks exactly like expected. In particular, in the finite dimensional case we can say 
it is a local ring which is also "regular" , in the sense that the four numbers 

— dimension of the "cotangent space" I Fn j I F ^ , 

— least number of generators of the maximal ideal I F , 

- Hilbert dimension ( = degree of the Hilbert polynomial of the graded ring Gj{ F^ ) ), 

— Krull dimension of the associated graded ring Gj[ F h ) , 

are all equal. Another way to say it is to note that, if {ji, . . . ,jd} is a lift in J Fh of any 
system of parameters of G = Spec (Fn\ h=0 ) around the identity (with d = dim(G) ), then 
the set {jo := h, ji,---,jd} is a "system of parameters" for F^ (or, more precisely, for 
the local ring F% ) . A suggestive way to interpret all this is to think at quantization as 
"adding one dimension (or deforming) in the direction of the quantization parameter H " : 
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and here we stress the fact that this is to be done "in a regular way" . 

Lemma 4.2. Let G QFA, and assume that F^ h _ Q is reduced. Then: 

(a) if <p G F% and h s <p G I F ™ (s,n G N), then cp G I F ™ s ; 

(b) if ye I Fh \ I F *, then hr x y £ hF^ ; 

(d) Let Char(k) = , and let U h G QrUSA. Let x' G U h ' , and let x G U h \hU h , 
n EN , be such that x' = h n x . Set x := x mod hUn . Then d(x) < n (hereafter d(x) is 
the degree of x w.r.t. the standard filtration of the universal enveloping algebra Un\ h _ Q ). 

Proof, (a) Set 7 := I Fh . Consider 7°° (cf. Definition lA(b)) and the quotient Hopf algebra 
F h := F n j then I := I Fn = I j 7°° . By Lemma 3.2(a), F h is again a QFA, having 
the same specialization at h = than F^ , and such that 7°° := I F ^° = {0} . Now, 
^ e I e G I 1 for all (j) G F h , £ G N , with := + 7°° G F~n '■ thus it is enough 

to make the proof for F^ , i. e. we can assume from scratch that 7°° = {0} . In particular 
the natural map from F^ to its 7-adic completion F^ is injective, as its kernel is 7°° . 

Consider the embedding F^ <^-> F^ : from the proof of Lemma 4.1 one easily sees that 
I 1 f\F h = I e , for all i (because F h j ' I 1 = F h j ' I e ): then, using the description of I 1 in 

Lemma 4.1, ip G Fn and H s p G7 n give at once ip G I n ~ s f)Fft = I n ~ s , q.e.d. 

(b) Let y G I Fr \ 7 Fr 2 . Assume h~ 1 y = hrj for some rj G Fn \ {0} . Since Fn := 
Utv>o ^~ N ^Fn we nave ^ = h~ N iN for some A G N + , ztv G 7^ . Then we have h~ x y = 
hi] = h 1 ~ N iN , whence h N ~ 1 y = hi^ '■ but the right-hand-side belongs to 7 Fft Ar+1 , whilst 
the left-hand-side cannot belong to 7 Fft Ar+1 , due to (a), because y G" 7 Fft 2 , a contradiction. 

fcj Clearly F h C F a v implies {F h ) ^ := C]n=o^ F n Q f]n=o^ F n =■ (^ V ) 00 - For 
the converse inclusion, note that by definitions (7^) is a two-sided ideal both inside 

F h and inside 7\ v , and = (f h / (Fr)^ = F h y j (F h ) ^ , so we have also (F^ 

mod (Fn)^ C (FrY^JJ^ (f/)^ , with ^ := F^ 00 = F h / {F h ) ^ (a QFA, by 

Lemma 3.2 (oj). So, we prove that (F R ) ={0} for then (F ft v ) C (F fi ) will follow. 

Let /it : Fa — >■ F^ be the natural map from F^ to its 7 Fft -adic completion, whose kernel 
is I F ^° = (Fft) : this makes F h embed into F h , and gives F^ C F^ := |Jn>o h~~ n I n 
(notation of Lemma 4.1), whence (f^} C ^Fr ^ . Now, the description of F^ and 7 n 

V / OO V / OO 

- — - V 

in Lemma 4.1 yields that Fn is contained in the ft-adic completion of the F-subalgebra 
of F(R) <g) R F h generated by {^~ 1 jb} beS (as in the proof of Lemma 4.1), which is a 

polynomial algebra. But then F h is separated in the ft-adic topology, i.e. ( F h ) = {0} . 

(d) (cf. [EK], Lemma 4.12) By hypothesis S n+1 (x') G n n+1 t/ fi ® (n+1) , whence 6 n+1 (x) G 
hUh ®(n+i)^ SQ 5 n+1 ( S ) = o, i.e. x G Ker^ n+ i: U(g) — > ^(fl)® (n+1) ), where g is the 
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Lie bialgebra such that Uh\ h _ Q '■ = U% j hUn = U(g) . But since Char(k) = 0, the latter 
kernel equals U(g) n := {y G U(g) | d{y) < n } (cf. [KT], §3.8), whence the claim. □ 

Proposition 4.3. Let Char(k) =0. Let F h G Q.TA. Then (F ft v )' ' = F h . 

Proof. Theorem 3.6 gives F^ C (F^, v ) , so we have to prove only the converse. Let 
F h := F h j ; by Lemma 4.2 ( c) we have (F^) ^ = (F^ ; by Lemma 3.2 ( a) we have 

(F ft ) V = F h v j (Fh)^ = F h y / (F,^ , whence again by Lemma 3.2faJ we get ((?a) V )' = 

(f^/ (F^)' = {F h y )' j (FfiV)^ = {F h v )'/ (Fk)^ . Thus, if the claim is true for F h 

then Fn/iFn)^ =: F h = ((F^)' = (F^)'/ (F^ , whence clearly (F ft v )' = F R . 
Therefore it is enough to prove the claim for F^ : in other words, we can assume J F ^° = 
(^)oo = (^ V )oo = W ( see Lemma 4.2(c)). In the sequel, set I := I Fr . 

Let x' G (Fr v )' be given; since (F^)^ = {0} there are n G N and x v G F^ v \ ftFft V 
such that x' = h n x y . By Theorem 3.7, F^ v is a QrUEA, with semiclassical limit U(g) 
where the Lie bialgebra q is = J v / {hF^ f] J v ) , with J v := /r 1 /. 

Fix an ordered basis {^aIasa or * over ^ an d fix also a subset {^aIagA °^ such 
that x\ mod /iF^ = b\ for all A G A : so i)( = h~ 1 x\ for some x\ G J, for all A . 

Lemma 4.2(d) gives d := d(x) < n , so we can write x v as a polynomial F({&a},\ 6A ) fi 1 
the b\s of degree d<n; hence x v = P({ x \} x^a) m °d hFfr , so x v = F({x^} AeA ) + 
fixji] for some x^ G F h v . Now x' = ft n x v = h n P({x y x ) A£A ) + ft^xf^ with 

» np (W} AeA )=^({»- 1 ^} AeA ) eF, 

because F has degree d < n ; thus since F> C (F a v ) (by Theorem 3.6) we get 

x[ := x' - ^ n F({x^} A6A ) G (F* v )' and ^ = h n+1 x^ = h^x\ 

for some ri\ G N, ni > n , and some x^ G F^ v \ hF^ . Therefore, we can repeat this 
construction with x[ instead of x', n\ instead of n, and x\ instead of x v , and so on. 
Iterating, we eventually get an increasing sequence {^ s } seN of natural numbers and a 

sequence < P S ({X\} AeA ) \ of polynomials such that the degree of P S ({X\} AeA ) is at 

most n s , for all s G N, and x' = XLeN ^ ns F s ({x A } AeA ) • 

How should we look at the latter formal series? By construction, each one of the 
summands ft ns F s ({x A } AeA ) belongs to F^ : more precisely, ^. ns F s ({x A } AgA ) G I F ™ 3 for 
all s G N; this means that X^seN ^""-^({^aIasa) * s a we fi _ defined element of F^, the 
7 Fa -adic completion of F^, and the formal expression x' = ^ s gj^ ^i ns P s ({-^aIasa) * s an 
identity in F^. So we find x' G (F/^)' P] F^ . Now, consider the embedding \i: F^ F^ 
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and the specialization map n : F h — » F h \ h=Q = F[G] : like in the proof of Lemma 4.1, 7r 

extends by continuity to n : F h » F[G] = F[[G]] : then one easily checks that the map 

Hft=o : -^[^] = ^L=o ^L=o = -^[[^]] * s i n j ec tive too. Since Ker (n) = hF h and 

Ker (n) = hF\, this implies F n f| h F\ = h F h , whence F ft f| ^ ^ = ^-Fft for all £ G N . 
Getting back to our x' G (Ff^) f]Fh, we have x' = h~~ n y for some n G N and y E Fn] 
thus, we conclude that y = ft n :r' G F h f)h n F h = h n F h , so that x' <E F h , q.e.d. □ 

Proposition 4.4. Let H.KeHA, and ( , ):HxK >R a Hop f pairing. Then 

(a) H v C (-K 7 )* and K' C (i^ v )* (and viceversa). Therefore, the above pairing 
induces a Hopf pairing ( , ): if" v x if' ► R . 

(b) If in addition the pairing HxK — > R and its specialization H\^_ Q xK\^_ Q — >k 
at h = are 6o£/i perfect, and K = H* , then we have also K' = (-ff v )* • 

(c) Similar results hold for B,f2eB and ( , ) : B x f2 > R a bialgebra pairing 

(i.e. a pairing with the properties of Definition 1.2(a) but the one about the antipode). 

Proof. ( a) The Hopf pairing H F x K F — > F(R) given by scalar extension clearly restricts 
to a similar Hopf pairing H v x K' — > F(R) : we must prove this takes values in R. 
Let I = I H , so H v = \J™ =0 h~ n I n (cf. §2.1). Pick c u . . . , c n G / , y G K' : then 



YlUa ,v) = {®2=ici, A n ( y ) ) = {®Uci , E*c { i > ...,„}**(y) / = 

= E*C{l,...,n}( ®?=1 C * ' M?/)) = E*C{l,...,n}( ®*e* c i , <*|*|(?/)) ' Uj^( c j > X ) G 

e E*c { i > ...,„ } » n - | * l «-» l * l fl = ^- 

The outcome is (l n ,K') C ft n .R, whence (h n I n ,K') C R, for all n G N; since 

# V = LC=o ^" n/n » we § et ^ V ^ (^0* and K ' ^ (^ V )" : then [t foUows also that the 

restricted pairing H v x K' > F(R) does take values in R, as claimed. 

(b) We revert the previous argument to show that (-ff v )* Q K' . 

Let tp G (# v )* : then (h~ s I s , G i? so (I s , ?/>) G ft a .R, for all s. For s = we get 
(H, if>) G R , thus ^ EH*=K and so o" n (V>) G if® n for all n . If n G N, h, . . . , z n G /, 

(Cl^^nW) = E*C{l,... 1 n}(- 1 ) n_l * 1 • (Ilfce***'^) • Ilfc^* e (**) e 

E*c { i,..., n} (i m ^)-h n -\*\R c E:=o^^ n " s ^ = ^ 



G 



therefore </® n , <J„(^)) C ft n .R . Now, if splits as H = R ■ 1 H © J H , with J H := Ker (e„) ; 
then H® n splits into direct sum of J H ® n plus other direct summands which are tensor 
products with at least one tensor factor R-1 H . As J K := Ker (e K ) = { y G K | (1^ , y) = }, 
we have (H® n ,j®) = (J H ® n J®) for G J x ® n . Now 5 n (^) G J x ® n : this and the 
previous analysis together give (H® n , 8 n (ip)) C (l H ® n , 5 n (ip)) C ft n .R, for all n G N. 
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Now, H* = K implies (H® n ) * = K® n for the induced pairing H® n x K® n — ► R . 

On the other hand, ^H® n , 5 n (V0) Q hnR ( for a11 n ) S ives fi~ n <*n(V0 e (#® n )* = if® n , 
that is 6 n (ip) E h n K® n for all n E N, whence finally tp E K' , q.e.d. 

fc) We don't need antipode to prove (a,) and f&j: the like arguments prove (c) too. □ 

Proposition 4.5. Let Char(k) = . Let U h E QrUSA. Then (U h ') V = U h . 

Proof. First, let E/ft := E/ft^ (^) 00 > an d assume the claim holds for U%: then repeated 

applications of Lemma 3.2(a) give U h / (U h ) ^ = U h = ((tfft)') = (Un'Y / {Uh)^, 
whence (EV ) V = E/ft follows at once; therefore we are left to prove the claim for Un , which 
means we may assume {Un) = {0} . In order to simplify notation, we set H :=U%. 

Our purpose now is essentially to resort to a similar result which holds for quantum 
groups "a la Drinfeld" : so we mimic the procedure followed in [Ga4] (in particular Propo- 
sition 3.7 therein), noting in addition that in the present case we can get rid of the hy- 
potheses dim(jj) < +oo (with U(g) = Un/hUn), as one can check getting through the 
entire procedure developed in [Ga4] in light of [loc. cit], §3.9. 

Let H be the ft-adic completion of H: this is a separated complete topological R— 
module, R being the /i-adic completion of R , and a topological Hopf algebra, whose co- 
product takes values into H ® H := H <g) H , the ft-adic completion of H®H (indeed, H is 
a quantized universal enveloping algebra in the sense of Drinfeld). As Hoc = {0} , the nat- 
ural map H — ► H embeds H as a (topological) Hopf -R-subalgebra of H . Then we set also 
H' := {n E H\S n (n) E h n H® n ) and [H'f := U n > h~ n I^ (c Q(R) ®^ H^j, where 

Ijji := Ker(efi') +H- H' (as in §1.3), and we let (H'Y be the ft-adic completion of (-EE')* . 
Now consider K := H* = Hom^ (^H , R j , the dual of H : this is a topological Hopf R- 

algebra, w.r.t. the weak topology, in natural perfect Hopf pairing with H : in Drinfeld's ter- 
minology, it is a quantized formal series Hopf algebra. We define K x := £ n > h~ n Jg (c 

Q(R) ®j^K where := Ker(e^) (as in §1.3) and we let K v be the ft-adic completion 

of K x , and we define (-f^ v ) in the obvious way. With much the same arguments used for 
Proposition 4.3, one proves that (K v ) = K . Like in [Ga4], one proves — with much the 
same arguments as for Proposition 4.4 — that H' = (K v ) and K y C (-EE') ; moreover, 
one has also H = K*, whence one argues K w = (-EE') . Using this and the equality 
(K v ) =K one proves (-EE') = H as well (see [Ga4] for details). 

Now, definitions imply H j h n H = H / h n H for all n E N : thus h n H f| H = h n H , 

and similarly h n H® l f]H® 1 = h n H®^ for all n, i E N, whence H'f]H = H' follows 
at once; this easily implies Iq, f]H = Ih 1 as well. By construction H is dense inside H 
w.r.t. the /i-adic topology; then H' is dense inside H' w.r.t. the topology induced on the 
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latter by the ft-adic topology of H. Now, the description of H' in [Ga4], §3.5 (which can 
be given also when dim($j) = +00 ), tells us that H' f] h n H = ; then we argue that H' 
is dense within H' w.r.t. the 7^,-adic topology of H'. This together with Iq, f]H = I H > 
implies, by a standard argument, that I^,f]H = 1^, for all tiGN. 

Finally, take r\ G H \ h~H . We can show that there exists an rj' G I^f^ (notation of 

Lemma 4.2(d)) such that rj' = h d ^n + n' + for some rj' + G , just proceeding like 

in [Ga4], §3.5 (noting again that we can drop the assumption dim($j) < +00): roughly, 
we consider any basis of H\ h _ = H\ h _ Q containing rj, we look at the dual basis inside 
K\ h=Q and lift it to a topological basis of K, then rescale the latter — dividing out each 
element by the proper power of h — to sort a topological basis of if v : the dual basis of H' 
will contain an element rj' as required. But then h d ^ri = n' — n' + G Iq, f]H = I 9 ^ , 
thanks to the previous analysis: therefore r) = h~ 9 ^ ■ h d ^n G h~ d ^I d ^ C (H'f . The 
outcome is H C (H'Y , whilst the reverse inclusion follows from Theorem 3.6. □ 

Corollary 4.6. Let Char(k) =0. Let U h G QrUSA. Then (U h ') p = (U h ) F . 

Proof. Definitions give H v p = Hp for all H G HA. Therefore, since Un = {Un'Y by 
Proposition 4.5, we have (U h ') p = ((tV) V ) = (Un)p > Q- e -d. □ 

Remark : it is worth noticing that, while H v p = Hp for all H G HA, we have not 
in general H'p = Hp ; in particular, example exist of non-trivial H G HA such that 
H ' = R ■ 1 H , so that H'p — F(R) ■ 1 H ^ H . These cases also yield counterexamples to 
Proposition 4.5, namely some H G HA for which (H'Y ^ H . 

Theorem 4.7. Let Fn[G] G QTA (notation of Remark 1.5) such that Fn[G]\ h=Q is re- 
duced. Then F^G^ '\ h _ is a universal enveloping algebra, namely 



Fn[G] := F h [G] hF h [G] =U(g x ) 
h=o 1 

where $j x is the cotangent Lie bialgebra of G (cf. §1.1). 

Proof. Set for simplicity F h := F h [G] , F := F h /hF h = F[G] , and F h v := F h [G] V , 
F V := F^/hF h w . By Theorem 3.7, F h y is a QrUEA, so F V = F h v \ h=Q is the restricted 
universal enveloping algebra u(t) of some restricted Lie bialgebra t. Our purpose is to 
prove that: first, F V = u(t) = U(l)) for some Lie bialgebra [); second, f) = g x . 

Once again we can reduce to the case when Fn is separated w.r.t. the /i-adic topol- 
ogy. Indeed, we have (F h ) ^ = (F h v ) ^ by Lemma 4.2(c); then W := F h v j (F^)^ = 

Fft I [Fft) = (Fk) V by Lemma 3.2(a) (taking notation from there), and so Fn 



(Fk) , where the first identity follows from Lemma 3.2(b). Therefore it is 



enough to prove the claim for F^ , which means that we can assume that (-Fk)^ = {0} 
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Like in Lemma 4.1, let I := I Fh , and let F h be the J-adic completion of F h . By 
assumption I°° = (Fn) = {0} , hence the natural map F h > F h is a monomorphism. 

Consider J := Ker (e : F h — > i?) , and let J v := hr 1 J C F h w . As in the proof of 
Lemma 4.1, let {y&} 6e5 be a k-basis of Jo/ Jo 2 = , where J := Ker(e F[G] ) = 

m, and pull it back to a subset {jb} be $ of J. Using notation of Lemma 4.1, we have 
I n /l n+1 = T"/I n+1 for all n G N; then from the description of the various F £ G N) 
given there we see that I n j I n+1 is a k-vector space with basis the set of (cosets of) ordered 
monomials { h e °j- mod I n+1 | eo G N, e G , eo + \e\ = n } where |e| := J2 be se(b) . 
As a consequence, and noting that h~ n I n+1 = h- ^,-( n + 1 )/ n + 1 = o mod HF^ , we argue 
that h~ n I n mod hF^ is spanned over k by { h'-^j- mod hF^ | e G , |e| < n } : 
we claim this set is in fact a basis of h~ n I n mod h F^ . Indeed, if not we find a non-trivial 
linear combination of the elements of this set which is zero: multiplying by h n this gives an 
element 7 n G I n \ I n+1 such that h~ n ^ n = mod hFn ; then there is £ G N such that 
ft- n 7n G fi-/r* J* , so tf ln = h 1+n I e C : but then Lemma 4.2 (aj yields 7n G I n+1 , 

a contradiction! The outcome is that { H~^j- mod HF^f | e G Nj } is a k-basis of F V . 

Now let j'X := ft -1 J/3 for all (3 E S . Since j M j'j, — j\, & hJ , for any p,v & S , we can 
write j M j,, - j„ = ^E/3 6 5 c /3i/3 + ^ 2 7i + ^72 for some c/? G R, 71 G J and 72 G J 2 , 
whence [j^j^] := ft ft -ft 7^ = E/3 6 s C/? +7i + ^ _1 72 = E/3eS c /3^ mod J + J V J- 
but J + J V J = (J v + J V J V ) C hF h v , so = J2f3es c pjp mod which 

shows that f) := J v mod hFn is a Lie subalgebra of F V . By the previous analysis F V 
has the k-basis { (j v )~ mod hF^ | e G Nj } , hence the Poincare-Birkhoff-Witt theorem 
tells us that F V = U(f)) as associative algebras. On the other hand, we saw in the proof 
of Theorem 3.7 that A(j v ) = j v <g> 1 + 1 <g> j v mod ft (i^ v )® 2 for all j v G J v , which 
gives A(j)=j(g>l + l<E>j for all j G f) , whence F V = as Jfopf algebras too. 

Now for the second step. The specialization map 7r v : F^f — » F V = U(t)) restricts to 
V : jv_^ [3 := jv mod hF h v = J W /j^f](hF h y ) = J y / {j + J w J h ) , for J v n(£Fft V ) = 
J v fl hr^Ip = Jh + J v Jn by Lemma 4.2(b). Moreover, multiplication by h~ l yields 

an .R-module isomorphism p: J c » J v . Let p: Jo — » Jo/ Jo ='■ X be the natural 

projection map, and ^ : X c — > Jo a section of p . The specialization map 7r : F^ — » Fq 
restricts to 7r': J — » J/( J fl ^i 7 ^) = Jh/h Jh = Jo '■ we fix a section 7 : J 1 — ► Jn, of 7r'. 

Consider the composition map a := 1] o /j o >y o is : g x > [) . This is well-defined, 

i.e. it is independent of the choice of v and 7. Indeed, if v, v'\ g x 1 — > Jq are two 
sections of p, and cr, a' are defined correspondingly (with the same fixed 7 for both), then 
Im [y — v') C Ker (p) = Jo 2 C Ker (rj o p o 7) , so that o = r\o po^ov = r\o po^ov' = o' . 
Similarly, if 7, 7': Jo 1 — > Jn are two sections of n', and a, a' are defined correspondingly 
(with the same v for both), we have im(7 — 7') C Ker(ii') = hJ = Ker(rj o p) , thus 
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cr = ?7o / uo7oz/ = ?7o / uo7 / oz/ = cr / , q.e.d. In a nutshell, a is the composition map 

X Jo/Jo 2 j/(J 2 + hJ) < — J y I (J + J y J) ^-»fj 

where the maps z/, 7, //, 77, are the ones canonically induced by z/, 7, 77, and z/, resp. 7; 
does not depend on the choice of v, resp. 7, as it is the inverse of the isomorphism 
p: Jo/ Jo 2 ' — »0 X 7 resp. n' : J / (J 2 + hJ) c — »J /J 2 , induced by p , resp. by 7r'. We 
use this remark to show that a is also an isomorphism of the Lie bialgebra structure. 

Using the vector space isomorphism a : 53 x — f) we pull-back the Lie bialgebra struc- 
ture of f) onto g x , and denote it by (g x , [ , ].,£,); on the other hand, 53 x also carries its 
natural structure of Lie bialgebra, dual to that of g (e.g., the Lie bracket is induced by 
restriction of the Poisson bracket of F[G] ), denoted by (g x , [ , ] X ,S X )' we must prove 
that these two structures coincide. 

First, for all x\, x 2 G g x we have [xi, #2], = [x±, x 2 ] x • 

Indeed, let /< := u(x t ) , ^ := 7(/j) , </\ v := /u(^) , ^ := r?(<^ v ) (i = 1,2). Then 

[xi,x 2 ], := (T _1 ^[cr(a;i), <r(x 2 )] J = a" 1 ([y 1 , y 2 \) = (p o n' o (J<^, <p£\ ) = 

= (P 07r/ )(^ _1 ^i^2]) =p({/i,/2» =: [xi,x 2 ] x , q-e.d. 

The case of Lie cobrackets can be treated similarly; but since they take values in tensor 
squares, we make use of suitable maps := z/® 2 , 7® := 7® 2 , etc.; we also make use of 
notation x® '■= V® I 1 ® = (V A 4 )* 82 an d V := A — A op . 

Now, for all x G X we have 5 9 (x) = 5 X (x) . 

Indeed, let / := v{x) , (p := 'j(f) , ip v := p,((p) , y := r](ip w ) . Then we have 

8.{x) ^a^ 1 ^^^))) =a»- 1 (5 b (r ? (^ v ))) =a»- 1 (^(n- 1 V( V? v ))) = 

= a - 1 ((r 7 o^)^(V(^))) =a - 1 ((r ? o^o 7 )^(V(/))) =p®(V(/)) = p®(V(i/(x))) = * x (x) 

where the last equality holds because 5 X (x) is uniquely defined as the unique element in 
x <E> x such that (ui <S> u 2 , d~ x (x) ) = ( [u\ , u 2 ] , x) for all u\ , u 2 G Q , and we have 

([U1,U2] , Z> = ([«1,«2] , P(/)> = («1 ® «2, V(/)) = <Wl <8>U2,P®(V(l/(x)))) • □ 

4.8 Interlude: quantizations of pointed Poisson manifolds and of their linear 
approximation. The proof of Theorem 4.7 in fact leads to a more general result; to 
mention it, we need some more terminology. 

Namely, among algebraic k-varieties let us consider the pointed Poisson varieties, de- 
fined to be pairs (M, m) where M is a Poisson variety and m G M is a point of M where 
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the rank of the Poisson bivector is zero: in other words, {fh} is a symplectic leaf of M . A 
morphism of pointed Poisson varieties (M, fh) and (N, n) is any Poisson map ip : M — >■ N 
such that (p(m) = n . Clearly this defines a subcategory of the category of all Poisson vari- 
eties, whose morphisms are those morphisms of Poisson varieties which map distinguished 
points into distinguished points. In terms of their function algebras, any pointed Poisson 
variety M is given by the datum (F[M], m^) where is the defining ideal of fh G M . 

By assumptions, the Poisson bracket of F[M] restricts to a Lie bracket onto m™, : from 
this the quotient space Cm '■= ^m/ m ^i (the cotangent space to M at fh) inherits a Lie 
algebra structure too, the so-called "linear approximation of M at fh" (see e.g. [We], §4). 
In the following we also call it the cotangent Lie algebra of (M, fh), or simply of M . 

Natural examples of pointed Poisson varieties are the coisotropic Poisson homogeneous 
spaces, also called Poisson quotients, i.e. those Poisson homogeneous spaces of the form 
G/H , where G is a Poisson group and H is a (closed) coisotropic subgroup, where 
coisotropic means that the ideal 1(H) in F[G] of all functions vanishing on if is a Poisson 
subalgebra of F[G] . The distinguished point is the coset eH of the unit element e G G . 

Another special class is given by the category of Poisson monoids ( = unital Poisson 
semigroups): each one of them is naturally pointed by its unit element. If (M, fh) = (A, e) 
is any Poisson monoid, then F[A] is a bialgebra (and conversely), and La has a natural 
structure of Lie bialgebra — the cotangent Lie bialgebra of A — the Lie cobracket being 
induced by the coproduct of F[A], hence (dually) by the multiplication in A . It follows 
then that U(Ca) is a co-Poisson Hopf algebra. When in particular the monoid A is a 
Poisson group G we have A = g x . 

We call quantization of a pointed Poisson variety (M, fh) any A G A + such that ^.| ft=0 — 
F[M] as Poisson k-algebras, and if n : A — » ^L=o ~ F[M] is the specialisation map 
(h i— > 0), then Ker(7f o e ) = ra„j ; in this case we write A = Fn[M] . For any such 
object we set Jm '■= Ker(e M ) and Im '■= Jm + h~A. A morphism of quantizations of 
Poisson varieties is any morphism <fi : F^[M] — > F^[N] in A + such that <P(Jm) Q Jn ■ 
Quantizations of pointed Poisson varieties and their morphisms form a subcategory of A + . 

A quick check throughout the proof of Theorem 4.7 (and of Theorem 3.7 for the last 
part of the claim) then shows that the same arguments also prove the following: 

Theorem 4.9. Let Ffi[M] G A + be a quantization of a pointed Poisson manifold (M, fh) 
(as above) such that F^[M]|^_ is reduced. Then Fft[M] v | fi is a universal enveloping 
algebra, namely 

Fh[M]V \n=o := F ^l M ] V / hF ^ M ] V = U ( C m) 

(notation of §4- 8)- If in addition M is a Poisson monoid and F^[M\ is a quantization of 
F[M] in B , then the last identification above is one of Hopf algebras. □ 
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Theorem 4.10. Let Char(k) = 0. Let Un(d) G QrUSA (notation of Remark 1.5) . Then 

UnfoY :=U q ( g y/hU h ( Q y = F[G*] 

h=o i 

where G* is a connected algebraic Poisson group dual to G (as in $1.1). 

Proof. Due to Theorem 3.8, U h (g)' is a QFA, with U h (g) '-2=^ p[H] for some connected 
algebraic Poisson group 77 ; in addition we know by assumption that F[H] is reduced: we 
have to show that 77 is a group of type G* as in the claim. 

Applying Theorem 4.7 to the QFA U h (g)' yields (C/ft(fl)') V -^-> ^(f) x ) • Since Propo- 
sition 4.5 gives Ufj,(g) = (t/ft(g)') V , we have then 

u(Q)^—u h (Q) = {u h ( Q yy-^Uu(r) 

so that f) x = g : thus f) := (f) x )* = g* , whence 77 = G* , q.e.d. □ 

Theorem 4.11. Let G7iar(k) = . Consider Fn G Q^v4, £/ft G Qr7/£A, and a perfect 
Hopf pairing ( , ) : Fn x Un > such that F% = U%* and Un = Fn* . Then 

Un'={Fn V )' and F, v = (U h ')' . 

Proof. First of all notice that the assumptions imply that the specialized Hopf pairing 
Fn\ h=:0 x Un\ h=0 — > k is perfect as well: then Proposition 4.4(b) gives Un = (F^)' . In 
addition Fn C (Un) by Proposition 4.4(a), and we have to prove the reverse inclusion. 

Let <p G (Un) ; in particular, we can choose </? such that (</?,tV) = i?. Since 
(Un)* Q F (R) ®R F h = F(R) (g) R Fn , there exists c G R \ {0} such that v?+ := c</? G 
Fa v \ h Fn : it follows that (<p + ,Uh) = cR. If F R = F h [G] , C/r = U h (a) , then Theorems 
4.7-8 give F h w \ n=Q = U(q x ) and U h '\ h=0 = F[G*] . Thus there is 77 G F[G*] such that 
1 ,77) = 1 , hence there is r\ G L/^' (a lift of 77) such that (</?+, 77) = 1 + hn for 
some k G R; but ??) G cR by construction, hence c divides (1 + Hk) in R. 

As G -F/,, v := IJneN ^~ n ^F h we nave = ft _r Vo for some n G N and </?o G 7^. ; 
therefore (<po,Ufi,') = ch n R. On the other hand, since U% = (Un') V (by Proposition 
4.5) each y G U% can be written as y = h~ £ y' for some £ G N and j/' G ET^' ; then 
(<Po,y) = ch n ~ e (ip, y') G Rf]ch n ~ e R because {(po,y) G -R and ((fi,y') G -R. Now, 
if h n ~ e '{ip, y') G" -R then n — £ < and so ft divides c. Since c divides (1 + Hk) we 
get an absurd, unless c is invertible in R: hence <p = c~ 1 ip + G Fn , q.e.d. Otherwise, 
we have always ft n_£ (</?, y') G -R, which means (<po,y) G ci? for all y e Un; thus 
c~Vo G Un* = F h . Now consider the i^-adic completion F h of F h : the kernel of the 

natural map 11 : F h > F h is 7^° = (Fn)^ (because F h G QFA), and the latter is zero 

because it is contained in the trivial left radical of the perfect pairing between Fn and Un; 
therefore F% embeds into Fn via \i . We have c~ Vo G Fn C and <^o G 7^. C 7^. : then 

from Lemma 4.1 ( a) -(b) we argue that c~ 1 ^po G 7^. , hence finally c~ 1 ^po G 7^. P| Fn = 7^. , 
thanks to Lemma 4.1(d). The outcome is ip = c~ 1 h~ n (p G h~ n Ip n C Fr V , q.e.d. □ 
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At last, we can gather our partial results to prove the main Theorem: 

Proof of Theorem 2.2. Part (a) is proved by patching together Proposition 3.3, Proposi- 
tion 3.5 and Theorems 3.6-8. Now recall that if Char (Ik) = every commutative Hopf 
k-algebra is reduced; then part (b) follows from Theorem 3.6 and Propositions 4.3 and 4.5. 
Part (c) is proved by Theorems 4.7-8, whereas Theorem 4.11 proves part (d). Finally, as- 
sume Char(k) = and consider EI e HAf '■ if #(/) € QTA (w.r.t. a fixed prime h~ e R) 
is an .R-integer form of H, then -H^) is an integer form too — by the very definitions - 
and it is a QrUEA (at h~), by Proposition 3.3; conversely, if e QrW£4 (w.r.t. a fixed 
prime ft G -R ) is an .R-integer form of H, then also if ^ is an integer form — by Corollary 
4.6 — and it is a QFA (again at h~), by Proposition 3.5; this proves part (e). □ 



§ 5 Application to trivial deformations: the Crystal Duality Principle 

5.1 Trivial deformations and GQDP. In this section, we apply the GQDP to 
the framework of trivial deformations of Hopf algebras over a field. In particular, we 
consider more closely some key examples: function algebras over algebraic groups, universal 
enveloping algebras of Lie algebras, and group algebras of abstract groups. The outcome 
seems to be of special interest in its own, as a chapter of classical — rather than "quantum" 
- Hopf algebra theory, and we propose it as a new tool for specialists in that matter. 

To be short we perform our analysis for Hopf algebras only: however, as Drinfeld's func- 
tors are defined not only for Hopf algebras but for augmented algebras and coaugmented 
coalgebras too, we might do the same study for them as well (indeed, we do it in [Ga5]). 

Let us now be more precise. Let TiAt be the category of all Hopf algebras over the field 
k. For all n E N , let J n := (Ker(e: H — ► k)) n and D n := Ker (8 n+1 : H — ► H® n ) , 
and set J := {J n \ , D := {D n \ . Of course J is a decreasing filtration of 
H (maybe with f] n>0 J n ^ {0}), and D is an increasing filtration of H (maybe with 
Un>o D n ^ H), by coassociativity of the 8 n : s. 

Let R := k[h] be the polynomial ring in the indeterminate h: then R is a PID (= 
principal ideal domain), and h is a non-zero prime in R such that R/hR is the field k . Let 
H h := H[h] = R®t H , the scalar extension of H : this is the trivial deformation of H . 
Clearly Hn is a torsion free Hopf algebra over R, hence one can apply Drinfeld's functors 
to it; in this section we do it with respect to the element h itself. We shall see that the 
outcome is quite neat, and can be expressed purely in terms of Hopf algebras in HAk '■ 
because of the special relation between some features of H - - namely, the nitrations J 
and D_ — and some properties of Drinfeld's functors, we call this result "Crystal Duality 
Principle" , in that it is obtained through sort of a "crystallization" process. Here we bear 
in mind, in a sense, Kashiwara's motivation for the terminology "crystal bases" in the 
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context of quantum groups: see [CP], §14.1, and references therein. Indeed, this theorem 
can also be proved almost entirely using only classical Hopf algebraic methods within HAk, 
i.e. without resorting to deformations: this is accomplished in [Ga5]. 

Note that the same analysis and results (with only a bit more annoying details to take 
care of) still hold if we take as R any domain which is also a k-algebra and as h any 
element in R \ {0} such that R/hR = k; for instance, one can take R = k.[[h]] and 
h := h , or R = k.[q, q~ x ] and h := q — 1 . Finally, in the sequel to be short we perform 
our analysis for Hopf algebras only: however, as Drinfeld's functors are defined not only 
for Hopf algebras but for augmented algebras and coaugmented coalgebras too, we might 
do the same study for them as well. In particular, the final result (the Crystal Duality 
Principle) has a stronger version which concerns these more general objects too (see [Ga5]). 

We first discuss the general situation (§§5.2-4), second we look at the case of func- 
tion algebras and enveloping algebras (§§5.6-7), then we state and prove the theorem of 
Crystal Duality Principle and eventually (§§5.12-13) we dwell upon two other interesting 
applications: hyperalgebras, and group algebras and their duals. 

Lemma 5.2. 

H h = En>o R ■ h ~ njn = R-J° + R- h^J 1 + --- + R- h~ n J n + ■■■ (5.1) 

Hh = En>o R - hHD n = R-D + R-hD 1 + --- + R-h n D n + --- (5.2) 
Proof. As for (5.1), we have J Hn =R-J, whence H% := £ n >o h~ n J^ = £ n > h~ n J n . 

On the other hand, one has trivially H h ' D J2n=o R ' ^ n ^n • Conversely, let r\ G H% : 
then 7] = J2 k Ckt]k for some Ck G R and r]k G H ; in addition, we can assume the r^'s 
enjoy the following: 771, . . . , r/ fcl G D tl \ D lx _ x , r) kl +i, ■ ■ ■ , Vk 2 e A? 2 \ D* 2 _i , • • • , 7/1, 
. . . , rjk t G Di t \ R>t t -\ for some /c^, £j, t G N with k\ < k^ < • • • < k t , they are linearly 
independent over k, and moreover 77/^+1, r}k i+1 belong to a vector subspace Wi of 
H such that Wi f] Di i = {0} , for all i . By the assumptions on R , for any k there is 
a unique Vk G N such that Ck G h Vk R \ h Vk+1 R; then for all n G N we have Ck = 
mod h n R when Vk > n and Ck = Yl™=l k a s ^ s m °d h n R , for some cffl G k with 
ai k J ^ 0, when v k < n . Then J2 Vk <n X^=tL a[ k) h s 5 n (rj k ) = 8 n {ri) = mod h n and 
S n (Vk) G H® n C H^ n \ hH h ® n imply — since H h ® n /h n H h ® n = [R/{h n R)^j ® k H® n = 

(k[x]/(x n )^j ® k tf® n - - that E n >v k =v^ a v k -Sn(rik) = 0, where V- := mm{v k }, hence 

^ n>1Jfc=B _ ai h ]r]k G Ker(S n ) =: -D n _i : since all coefficients dy} in this sum are non-zero, 
by our assumptions on the ryfc's this forces 7]k G Ker(5 n ) =: D n -i , for all k such that 
Vk = V- . The outcome is: Vk < n =>• rjk G -D n -i (for all k,n), whence we get rjk G D Vk 
for all k , so that r) = J2k c k Vk G J2t^o R ' ^ S ^s , q.e.d. □ 

5.3 Rees Hopf algebras and their specializations. We need some more terminol- 
ogy. Let M be a module over a commutative unitary ring R, and let 
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M := {M z } zez = (• • • C M_ m C...CI_ 1 CM CI 1 O..CI n C...) 

be a bi-infinite filtration of M by submodules M z (z G Z). In particular, we consider 
increasing nitrations (i.e., those with M z = {0} for all z < 0) and decreasing nitrations 
(those with M z = {0} for all z > ) as special cases of bi-infinite nitrations. First we 
define the associated blowing module to be the i?-submodule Bm_(M) of M[t, (where 
t is any indeterminate) given by Bm_(M) := ^2 z£li t z M z ; this is isomorphic to the first 
graded module 2 associated to M, namely zeZ M z . Second, we define the associated Rees 
module to be the _R[t]-submodule 7^^(M) of M[t, generated by Bm_(M); straight- 
forward computations then give .R-module isomorphisms 

n t M (M)/(t-i)n t M (M) = um z , n t M (M)/tn t M (M) = g m (m) 

where Gm_(M) := Q) zeZ M z / M z -i is the second graded module associated to M . In 
other words, TZ f M {M) is an i?[t]-module which specializes to 1J : .\/ : for t = 1 and 
specializes to Gm{M) for t = ; therefore the i?-modules IJzez-^^ an< ^ Gm(M) can be 
seen as 1-parameter (polynomial) deformations of each other via the 1-parameter family 
of -R-modules given by 7?.^(M). 

We can repeat this construction within the category of algebras, coalgebras, bialgebras 
or Hopf algebras over R with a filtration in the proper sense (by subalgebras, subcoalgebras, 
etc.): then we'll end up with corresponding objects Bm_(M), TZ^^M), etc. of the like type 
(algebras, coalgebras, etc.). In particular we'll cope with Rees Hopf algebras. 

5.4 Drinfeld's functors on and nitrations on H . Lemma 5.2 sets a link 
between properties of H % , resp. of H% ', and properties of the filtration D_ , resp. J, of H . 

First, formula (5.1) together with the fact that E HA implies that J is a Hopf 
algebra filtration of H ; conversely, if one proves that J is a Hopf algebra filtration of H 
(which is straightforward) then from (5.1) we get a one-line direct proof that e HA. 
Second, we can look at J as a bi-infinite filtration by reversing the index notation and then 
extending it trivially on the positive indices, namely 

J = C J n C ■■■ J 2 C J C J°( = H) C H C ■■■ C H C - --y, 

then the Rees Hopf algebra Tl h j{H) is defined (see §5.3). Now (5.1) give Hn = Kj(H) , 
so Hfr I hHfr = K\(H) I h1l h j(H) ^ Gj(H) . Thus Gj(H) is cocommutative because 
Hh I frHfr is; conversely, we get an easy proof of the cocommutativity of H% j hHu 

2 Hereafter, I pick such terminology from Serge Lang's textbook "Algebra" . 
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once we prove that Gj[H) is cocommutative, which is straightforward. Finally, Gj_{H) 
is generated by Q(H) = J / J 2 whose elements are primitive, so a fortiori Gj_(H) is 
generated by its primitive elements; then the latter holds for j hHf^ as well. To sum 
up, as Hfr E QrUEA we argue that Gj_(H) = U(q) for some restricted Lie bialgebra jj ; 
conversely, we can get Hn E QrUEA directly from the properties of the filtration J of 
H. Moreover, since Gj[H) = U{q) is graded, g as a restricted Lie algebra is graded too. 

On the other hand, it is straightforward to see that (5.2) together with the fact that 
H h ' E HA implies that D is a Hopf algebra filtration of H ; conversely, if one proves that 
D_ is a Hopf algebra filtration of H (as we did in Lemma 3A(c)) then from (5.2) we get 
an easy direct proof that H h ' E HA . Second, we can look at D_ as a bi-infinite filtration 
by extending it trivially on the negative indices, namely 

D= (••• C {0} C ...{0} C ({0} = )D CD 1 C...CD n C...^ ; 

then the Rees Hopf algebra H%(H) is defined (see §5.3). Now (5.2) gives H h ' = 7Z%(H) ; 
but then H h ' /hH h ' H%(H) / hH%(H) ^ G R {H) . Thus G R (H) is commutative 
because H% j hH^' is; or, conversely, we get an easy proof of the commutativity of 

Hfi' j ' hHft once we prove that G R (H) is commutative, as we did in Lemma 3A(c). 
Finally, Gd_(H) is graded with 1-dimensional 0-component — by construction — hence 
it has no non-trivial idempotents; therefore the latter is true for H% j hHn as well. Note 

also that 1^ = {0} by construction (because H h is free over R). To sum up, since 
B.% E QTA we get that G R (H) = F[G] for some connected algebraic Poisson group 67; 
conversely, we can argue that H h ' e QTA directly from the properties of the filtration D_ . 

In addition, since Gd_(H) = F[G] is graded, when Char(k) = the (pro)affine variety 
G7( c ;) of closed points of G is a (pro)affine space 3 , that is G( c /) — ^ X = for some 
index set X, and so F[G] = k[{xi} ieI ] is a polynomial algebra. 

Finally, when p := Char(k) > the group G has dimension and height 1: indeed, we 
can see this as a consequence of the last part of Theorem 3.8 via the identity Ff' h j hH' h = 
Gd_(H) , or conversely we can prove that part of Theorem 3.8 via this identity by observing 
that G has those properties. In fact, we must show that ff = for each r\ e H := Gd_(G) : 
letting rj G H' h be any lift of fj in H' h , we have r\ E Dg for some £ E N , hence 5g + i(x) = . 
From A i+1 (i]) = J2ac{i e+i} ^a( 7 ?) ( c ^- §2-1) and the multiplicativity of A e+1 we have 



3 For it is a cone — since H is graded — without vertex — since G^ c i^, being a group, is smooth. 
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ei,...,e p ^p \ 1 ' 'A A r/1 »±H 
ei + "-e p =p Ai,...,A p Q_|l,...,«+lJ- 

+ ELoE^ c{l5 ..^ 1} ^(^) + (ad [>] (D (0 )r 1 (l? w ) 

l*l=Jfc 

(since 5 A ( V ) G 3a(J h ? W ) for all A C {1, ...,£+ 1} ) where D w := £ B^A* 
and (ad M (%))) P_1 (L> w ) := [% } , ...,[%), % } ]]•••]] . Then 



ei + --e p =p 

x Euj^^w+i}^!^^ + (id, - ef (m) ((ad[ , ] (2? w )) p - 1 (D 



Now, 5^ +1 (?7) P = by construction, and ( ei p e ) (with ei, . . . , e p < p) is a multiple of 
p , hence it is zero because p = Char (k) ; therefore we end up with 

S W (V) e (id.-6)^((ad [>] (D w )r 1 (l? (0 )). 

Now, by Lemma 3.4 we have £> Si • D 8j C L> Si+Sj . and [D Si ,D s J C J D( S . +Sj )_ 1 ; these 
together with Leibniz' rule imply that (ad[ _ ](D^)) P l [D^ C £ ®t=\D rt ; 

St r * = P ^+!-P 

moreover, since -D = Ker(8i) = Ker (id — e) we have 

(id H - f )««+"((ad,. 1 (B (() ))''- 1 (D M )) C Y.^ rM _f£\D n . 

n,...,r e+1 >0 

In particular, in the last term above we have D ri C D( p _iy +1 _ p : = Ker (5( p _ 1 ^ +2 - P ) ^ 
Ker(5( p _!)^) : therefore, using the coassociativity of the maps 5 n 's, we get 

<W?7) = ((5( P -i)£ ® id £ ) o 5£+i) (77) C £ *(p-i)<(-Dri)®D ra (8)---(8)D r<+1 = 

n,...,r e+1 >0 

i.e. 6 p e(r}) = 0. This means 77 G D p g-i , whereas, on the other hand, rf G -D/ C D p f. 
then f) p := r]P = <E D p i j D p i_\ C Gd_(H) , by the definition of the product in Gd{H) . 
Finally, by general theory since G has dimension and height 1 the function algebra F[G] = 
Gd_(H) = H' h I h~H' h is truncated polynomial, namely F[G] = k[{xi} ieJ ] / ({x[} ieT ) ■ 
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5.5 Special fibers of and Hj( and deformations. Given H e HAt , consider 

Hfr : our goal is to study Hn and B.% . 

As for Hf? , the natural map from if to H := Gj(H) = / hHn ='■ Hn sends 

— / h=o 

J 00 := fln>o^ n ^° zero ? by definition; also, letting H v := H j J 00 (which is a Hopf 
algebra quotient of H because J is a Hopf algebra filtration) , we have H = H w . Thus 



(#v) 



h 



= iT 



H = U(q-) for some graded restricted Lie bialgebra g_ . On the 



other hand, (# v )^ 

we can see {H w ) h = TZj(H v ) as a 1-parameter family inside HAt with regular fibers - 
that is, they are isomorphic to each other as k-vector spaces (indeed, we switch from H 
to H w just in order to achieve this regularity) — which links H w and H w as (polynomial) 
deformations of each other, namely 



(H^ (h-1) (in, v = E 



n>0 



T 



H v (see §5.3). Thus 



Now look at ((H v )^)': by construction, we have ((# v ) ft V )' = (if v ) 



whereas ((# v ) ft v ) = F[K_] for some connected algebraic Poisson group K- : in 



h=i 



= iT 



h=i 



h=i 



addition, if Char(k) = then if_ = 67* by Theorem 2.2(c). So ((H w )^)' can be 
thought of as a 1-parameter family inside HAk , with regular fibers, linking H y and F[G*_ ] 
as (polynomial) deformations of each other, namely 



iT 



fi=! ((^ v )a V )' 



( {HV) ^'\h=o = F[K ~ ] { = F ^ if Char ( k ) = °) 



Therefore H w is both a deformation of an enveloping algebra and a deformation of a 
function algebra, via two different 1-parameter families (with regular fibers) in TiAt which 
match at the value h = 1 , corresponding to the common element H v . At a glance, 



((tf v )„ v )' 



F[K-\ ( = ] if Char {Is) = 0) . (5.3) 



Now consider if?/- We have B.% 



Hn hHn = Gd{H) =: H , and H 



F[G + ] for some connected algebraic Poisson group G + . On the other hand, we have also 



H h ' :=H n ' (h-l)H h ' 



h=i 



En>0 D n 



-: H' ; note that the latter is a Hopf subalgebra 



of H, because D_ is a Hopf algebra filtration; moreover we have H = H' , by the very 
definitions. Therefore we can think at H h ' = n h D (H') 1-parameter family inside 

HAk with regular fibers which links H and if' as (polynomial) deformations of each other, 
namely 



F[G+] =H = H h ' 



h=i 



= H' . 
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= H h ' 

h=i 



= H' , whereas 

h=i 



Consider also (H^) : by construction, we have (Hn) 
{Hfr') V = U(t + ) for some restricted Lie bialgebra t + : in addition, if Char(k) = 

then 6+ = 0_j^ thanks to Theorem 2.2(c). Thus (H^) can be thought of as a 1- 
parameter family inside TCAk with regular fibers which links U(t+) and if' as (polynomial) 
deformations of each other, namely 

H'=(H h ')\ , ^1° , =W(t+) ( = ^0 + x ) if Char(k) = o). 

Therefore, H 1 is at the same time a deformation of a function algebra and a deformation 
of an enveloping algebra, via two different 1-parameter families inside HAt (with regular 
fibers) which match at the value h = 1 , corresponding (in both families) to H' . In short, 

F[G+] ■ . if' ■ . W(t+) ( = t/(0 + x ) if Char(k) = o). (5.4) 

Finally, it is worth noticing that in the special case H' = H = H v we can splice 
together (5.3) and (5.4) to get 

F[G+] . . H> , , W(t+) ( = t/(0 + x ) if Omr(k) =0) 

if (5.5) 

W(fl_) < ► H w ( > f = F[G1] if Charik) = o) 

which gives four different regular 1-parameter deformations from H to Hopf algebras en- 
coding geometrical objects of Poisson type (i.e. Lie bialgebras or Poisson algebraic groups). 

5.6 The function algebra case. Let G be any algebraic group over the field k. Let 
R:=k[h] be as in §5.1, and set F h [G] := (F[G]) h = R ® k F[G] : this is trivially a QFA 
at H, for Fn[G]/hFn[G] = F[G], inducing on G the trivial Poisson structure, so that its 
cotangent Lie bialgebra is simply X with trivial Lie bracket and Lie cobracket dual to the 
Lie bracket of . In the sequel we identify F[G] with 1®F[G} C F%[G\ . 

We begin by computing Fn[G] y (w.r.t. the non-zero element H). 

Let J := Jf[g] = Ker(e F [ G ]) , let {yb} beS be a k-basis of Q(F[G]) = J j J 2 = X , 
and pull it back to a subset {jb}bes °^ ^ • Then we see that J n /J n+1 is a k-vector 
space spanned by the set of (cosets of) ordered monomials (using multiindices and all the 
notation introduced in the proof of Theorem 4.7) {j- mod J n+1 | e G N f , \e\ = n } 
where \e\ := ^6e5-(^)' therefore / n // n + 1 a s a k-vector space is spanned by {h e °j- 
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mod I n+1 | e G N, e G Nf , e + \e\ = n } . Noting that h~ n I n+1 = H ■ = 

mod ^F^[G] V , we can argue that h~ n I n mod /iF ft [G7] v is spanned over k by { H~^j- 
mod hF h [G] v \eeNf, \e\ < n } . Now we have to distinguish the various cases. 

First of all, let y G F[G] be idempotent: switching if necessary to y + := y — e(y) we 
can assume that y G J . Then y = y 2 = ■ ■ ■ = y n G J n C I n for all n G N , so that 
y = mod ^F^[G7] . Thus in order to compute y/ ftF/^G] the idempotents of F[G] 

are irrelevant: this means Fn[G] j hFn[G] = Fn,[G°] j hFn[G°] , where G° is the connected 
component of G ; thus we can assume from scratch that G be connected. 

First assume G is smooth, i.e. F[G] is reduced, which is always the case if Char(k) = . 
Then the set above is a basis of h~ n I n mod hF H [Gy : for if we have a non-trivial linear 
combination of the elements of this set which is zero, multiplying by h n gives an ele- 
ment 7 n G I n \ I n+1 such that hr n ^ n = mod hF h [G] y ; then there is £ G N such 
that h~ n ^ n G h ■ h~ i I e - , so h ir y n = h l+n I e ' C l 1+n+e , whence clearly 7 n G I n+1 , a 
contradiction! The outcome is that { h~\-\j- mod hFn[G] v | e G Nj? } is a k-basis of 

F ft [G] V := F h [G] W /hF h [G] W . Now let := h^jp for all /? G S . By the previous 
analysis has k-basis {(j v )~ mod ^F^[67] v | e G } , hence the Poincare- 

Birkhoff-Witt theorem tells us that F h [G] v = */({)) = 5(f)) as associative algebras, 

?i=0 

where f) is the Lie algebra spanned by {j^ mod HF^G] } beS (as in the proof of The- 
orem 4.7), whose Lie bracket is trivial for it is given by [jbijp] '■= fc~ 2 (jbjf3 ~ jpjb) 
mod hF h [G] v = . Further, we have also A(j v ) = j v ® 1 + 1 ® j v mod h {F h [G] w )® 2 
for all j v G J v := H J (cf. the proof of Theorem 3.7), whence A(j) = j®l + l®j for all 
j G f) , so F^[G7] V = C/(h) = 5(f)) as ffopf algebras too. Now, consider the linear map 

a : g x = J j ' J 2 — > f) ( C f7(f))) given by yb \— > j% ( 6 G S ). By construction this is clearly 
a vector space isomorphism, and also a Lie algebra isomorphism, since the Lie bracket is 
trivial on both sides (G has the trivial Poisson structure!). In addition, one has 

ui <g> u 2 , {cr{yb)) } = («i ® w 2 , ft -1 (A - A op ) (<r(y&)) mod ft 

= (ui <S> U2 , h~ 2 (A — A op ) (jb) mod fij = ^ (tti • it 2 — w 2 • ^l) > h~ 2 jb mod ft^ = 
= ([mi, m 2 ] , h~ 2 j b mod ft) = (wi<8)W2 , h~ 2 5 g x (y b ) mod ft) = (ui®u 2 , (crtgxr) (<5 g x (y b )) 



for all tti,«2 G g (with (iti • w 2 — u 2 • u\) G U(g)) and 6 G 5, which is enough to prove 
that <5f, o a = (a <S> cf) o S g x , i.e. a is a Lie bialgebra morphism as well. Therefore the 
outcome is F h [G] v = U(g x ) = S(g x ) as co-Poisson Hopf algebras. 

Another extreme case is when G is a finite connected group scheme: then, assuming 
for simplicity that k be perfect, we have F[G] = k[xi, . . . , x n ] j [x\ 1 , . . . , x 1 ^") for some 

n,ei,...,e n eN. The previous analysis, with minor changes, then shows that Ff^G] v 
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is now a quotient of U(q x ) = S(q x ): namely, the x^s take place of the j^s, so the 
cosets of the xY's (i = 1, . . . ,n) modulo hFn[G] v generate g x , and we find Fn[G] v = 

U(B x )/{(xY) pe \...,(Xn) pe ") ■ Now, recall that for any Lie algebra f) we can consider 
f)[p]°° := | x \p] n := x P n x £ fj , n e N | , the restricted Lie algebra generated by f) inside 
U(t)), with the p-operation given by x^ := x p ; then one always has U{Yj) = u(f)[ p ]°°) . 
In the present case, the subset ) p 1 , ... , (x^) p j generates a p-ideal J of (g x )^°°, 

r ioo / C a l a Ti 

so g x es := Qt p i X is a restricted Lie algebra too, with < (xi) p , ••• , (^n) P a i < 
ei, . . . , a n < e n > as a k-basis. Then the previous analysis proves F^[G] V = u (g x es ) = 
5 , (g x ) I {^[x\) v 1 , ... , (a^) p "}) as co-Poisson Hopf algebras. 

The general case is intermediate; we get it via the relation Ff L \G\ j hFn[G] = Gj_ (F[G}) . 

Assume again for simplicity that k be perfect. Let F [[(?]] be the J-adic comple- 
tion of H = F[G] . By standard results on algebraic groups (cf. [DG]) there is a subset 
{xi} ieX of J such that { Xi := Xi mod J 2 } ieX is a basis of g x = J j ' J 2 and = 

MK^Oiex]] / i\ x i ''j- ) ( tne a te e b ra °f truncated formal power series), for some 

subset J C X and some (n(xi)) ieJ G N x ". Since Gj_(F[G]) = Gj_(F[[G}}) , we argue 

that Gj(F[G}) = k[{xi} iex ]/({xf ^ ) ; finally, since k[{x t } ieX ] = S(g x ) 

we get G L (F[G\) = S(g x ) j x p " (x) } M(F[G]) ) as k-algebras, where Af(F[G]) is the 

nilradical of F[G] and p 71 ^ is the order of nilpotency of x G Af(F[G]). 

Now, let O^jJG J/J 2 , and let 77 G J be a lift of 77 : then A (77) = e(rj) ■ 1 <g> 1 + 61 (77) <g> 
1 + 1 <8> £1 (77) + 82 {rj) = r\ <S> 1 + 1 <E> ?7 + 5 2 (r?) , by the very definitions. But 5 2 (r?) G J ® J , 
hence ^(r?) = G G j (F[G]) <g) Gj (F[G]) : so A(^) := A( V ) = r)® 1 + 1 <g> 77 . Therefore, 
all elements of J/J 2 = g x are primitive: this implies that the previous isomorphism 
respects also the Hopf structure. As for the Lie cobracket of Gj_ (F[G]) , by construction 
it is given by 5 Gj (f[G])0*O := V(x) = A(x) — A°p(x) . Now, in the natural pairing 
between F[G] and U(q), for all x G J we have (W(x),Y <g> Z) = (A(x) - A op (»,y <g> 
Z) = <x,rZ-Zy) = (*,[Y,Z]>, hence (<J Gi(F[G]) (x),y <g> Z) = <x,[y,Z]) for all Y, 
Z G g; similarly (5 flX (x), j/ <g> 2;} = (x, [Y, Z]) for all F , Z G g . We then argue that 
Sqj (F{G])(%) = (%) f° r au x G g x , whence the two Lie cobrackets do correspond to 
one another in the isomorphism above. Since F h [G] v \ = Gj(F[G}) , the outcome is 

that F h [G] v ^ q ^ ^(g x ) A|x p " (a;) x G Af(F[G]) }) as co-Poisson Hopf algebras. 

Note also that the description of F^[G] V in the general case is exactly like the one we 
gave for the smooth case: one simply has to mod out the ideal generated by A/"(-F[G]) V := 

h- 1 M(F[G\) , i.e. (roughly) to set (x^f^ = (with xV := Tc^x, ) for all i G X. By the 
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way, to have this description we do not need k to be perfect. As for F[G] V := F[G]/ J°° , 
it is known (cf. [Ab], Lemma 4.6.4) that F[G] V = F[G] whenever G is finite dimensional 
and there exists no / G F[G] \ k which is separable algebraic over k. 

It is also interesting to consider (F^[G'] V ) / . If Char(k) = , then the proof of Proposi- 
tion 4.3 does work, with no special simplifications, giving (F^fCT^)' = Fn[G] . If instead 
Char (k) = p > , then the situation might change dramatically. Indeed, if the group 
G has height 1 - - i.e., if F[G] = k[{xi} ieJ \] j ({x P | % G X}) as a k-algebra — then 
the same analysis as in the characteristic zero case may be applied, with a few minor 
changes, whence one gets again (Fh[G] v ) = Fn[G] . Otherwise, let y G J \ {0} be prim- 
itive and such that y p ^ : for instance, this occurs for F[G] = k[x] , i.e. G = G a , 
and y = x . Then y p is primitive as well, hence S n (y p ) = for each n > 1 . It follows 
that ^ h(y v ) p G {F h [G] v ) , whereas h(y v ) p F h [G] , as follows from our previous 
description of Fn [G] v . Thus (Fn,[G] v ) ^ F^[G] V , a counterexample to Proposition 4.3. 

What for Fn[G]' and F[G] ? Again, this depends on the group G under consideration. 
We give two simple examples, both "extreme" , in a sense, and opposite to each other. 

Let G:=G a = Spec(k[x}) , so F[G] = F[G a ] = k[x] and F h [G a ] := R ® k k[x] = R[x] . 
Then since A(x) := x ® 1 + 1 ® x and e(x) = we find F h [G a ]' = R[hx] (like in §5.7 
below: indeed, this is just a special instance, for F[G a ] = U(g) where g is the 1-dimensional 

Lie algebra). Moreover, iterating one gets easily (F h [G a ]')' = R[h 2 x\ , ^(^[G a ]')'j = 
R[H 3 x] , and in general (((F h [G a ]') ')'•••)' = R[h n x] = R[x] = F h [G a ] for all n G N. 



Second, let G := G m = Spec (k[z+\ z~ l ] J , that is F[G] = F[G m ] = k^ 1 ^" 1 ] so 
that F h [G m ] := R ® k k[z+\ z~ l ] = R[z +1 , z' 1 ] . Then since A(z ±1 ) := z ±x ® z ±l and 
e^ 1 ) = 1 we find A^^ 1 ) = (z^)^ and 5 n (z ±1 ) = (z ±x - l)® n for all n G N . 
From that it follows easily F^[G m ] = R - 1 , the trivial possibility (see also §5.13 later on). 

5.7 The enveloping algebra case. Let g be any Lie algebra over the field k, and U(g) 
its universal enveloping algebra with its standard Hopf structure. Assume Char (k) = , 
and let R = k[h] as in §5.1, and set U h (g) := R ® k U(g) = (U(g)) h . Then U h (g) is 
trivially a QrUEA at h, for U^g) /hUn(g) = U(g) , inducing on g the trivial Lie cobracket. 
Therefore the dual Poisson group is nothing but g* (the topological dual of g w.r.t. the weak 
topology), an Abelian group w.r.t. addition, with g as cotangent Lie bialgebra and function 
algebra F[g*] = S(g) : the Hopf structure is the standard one, given by A(x) = x®l+l<g>x 
(for all x G g ), and the Poisson structure is the one induced by {x, y} := [x, y] for all x, 
y Eg. This is the so-called Kostant-Kirillov structure on g*. 

Similarly, if Char(k) = p > and g is any restricted Lie algebra over k, let u(g) 
be its restricted universal enveloping algebra, with its standard Hopf structure. Then if 
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R = k[h] the Hopf .R-algebra Un(g) := R ®t u(g) = (u(g)) ft is a QrUEA at H, because 
Uf i (g)/huf i (g) = u(g) , inducing on g the trivial Lie cobracket: then the dual Poisson group 
is again g*, with cotangent Lie bialgebra g and function algebra F[g*] = S(g) (the Poisson 
Hopf structure being as above). Recall also that U(g) = u(g[ p l°°) (cf. §5.6). 

First we compute Uft(g)' (w.r.t. the prime h) using (5.2), i.e. computing the filtration D_ . 

By the PBW theorem, once an ordered basis B of g is fixed u(g) admits as basis the 
set of ordered monomials in the elements of B whose degree (w.r.t. each element of B) 
is less than p ; this yields a Hopf algebra filtration of u(g) by the total degree, which 
we refer to as the standard filtration. Then from the very definitions a straightforward 
calculation shows that D_ coincides with the standard filtration. This together with (5.2) 
immediately implies u^(g)' = (g) = (hg): hereafter g := hg, and similarly we set 
x := hx for all x £ g. Then the relations xy — yx = [x,y] and z p = in u(g) yield 
x y — y x = h [x, y] = mod hun(g)' and z v = W~ x z^ = mod hun(g) ; therefore from 
the presentation 4 u^(g) = Tr(q) / x y — y x — [x,y] , z p — z^ | x, y, z £ g }) we get 



Uft(fl)' = (S) — — > u (0) = T k(g) {{xy-yx^ x, y, z £ g }^ = 
= T k (g)/({ xy - y x , z p \ x, y, z £ g }) = S k (g)/({ z p \ z £ g }) = F[g*]/({ ^ | z e g }) 

that is u(g) := Gd(u(a)) = u ft (g) / /nu ft (g) / = F[g*] /({ ^ | z £ g }) as Poisson Hopf 

algebras. In particular, £/ws means that u(g) t/ie function algebra of, and Uft(g)' a 
(at h) for, a non-reduced algebraic Poisson group of dimension and height 1, whose 
cotangent Lie bialgebra is g , hence which is dual to g ; thus, in a sense, part (c) of Theorem 
2.2 is still valid in this (positive characteristic) case. 

Remark : Note that this last result reminds the classical formulation of the analogue of 
Lie's Third Theorem in the context of group-schemes: Given a restricted Lie algebra g, 
there exists a group-scheme G of dimension and height 1 whose tangent Lie algebra is g 
(see e.g. [DG]). Here we have just given sort of a "dual Poisson-theoretic version" of this 
fact, in that our result sounds as follows: Given a restricted Lie algebra g, there exists a 
Poisson group-scheme G of dimension and height 1 whose cotangent Lie algebra is g . 

As a byproduct, since Ufr(g) = u ft (g[ p ]°°) we have also £/ft(g)' = u^(g[ p ]°°) / , whence 



um' = M^l' 4(« w ")/({ W,-) = f [(,w- )*] /({ *> }, 6<w . 

Furthermore, Uft(g)' = (g) implies that I UR (g)' * s generated (as a two-sided ideal) 
by HR • l UR (g) + RQ j hence /i _1 / UR ( - ) ' is generated by -R-1 + .Rg, thus (u^(g)') V := 



4 Hereafter, Ta(M) , resp. 5a (M) , is the tensor, resp. symmetric algebra of an A-module M. 
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Un>o (^ _1/ u ft ( )') n = U n >o( R ' 1 + R 8) n = u h(g) ; this means that also part (b) of 
Theorem 2.2 is still valid, though now Char(k) > 0. 

When Char(k) = and we look at U(g), the like argument applies: D_ coincides with 
the standard filtration of U(g) given by the total degree, via the PBW theorem. This 
and (5.2) immediately imply U(g)' = (g) = (Hg) , so that from the presentation Un(g) — 

T R (g)/({xy-yx-[x,y] } Xiy>260 ) we get U h (g)' = T R (g) Mix y - yx - h ■ [x, y}\ Y 

whence we get at once 

Un{g)' = T R {g) I ^xy-yx-h-[x,y) x,y E §}) fi ~ >0 ' TkCfl)/ ({ x y -y x \ x,y E g}) = 

= T k (g)/({xy-yx \ x, y E g }) = S k (g) = F[g*] 

i.e. U(g) := Gri(U(g)) = Un(g)' / 'hU^g)' = F[g*] as Poisson Hopf algebras, as predicted 

by Theorem 2.2(c). Moreover, U h (g)' = (g) = T(g) j \{xy - y x = h ■ [x,y] \ x,y E g }) 

implies that Iu h (g)' is generated by hR-l Uh ( g ) +Rg : therefore h~ 1 I Un ^ Q y is generated by 

R-1u k ( )+RQ, whence (U h (g)') V := Un>o { h ~ ll u K („)') n = Un>o { R ' ^(a) + R^T = 
Un(g) , which agrees with Theorem 2.2(b). 

What for the functor ( ) v ? This heavily depends on the g we start from! 

First assume Char(k) = 0. Let g^ := g, g^) := [fl>fl(fc-i)] (k e N + ), be the lower 
central series of g . Pick subsets B\ , B<± , . . . , B\~ , . . . (Cg) such that B k mod g(k+i) be 
a k-basis of 0(/s)/S(fc+i) (f° r ah k E N + ), pick also a k-basis Boo of g^ := f]fceN + > ari ^ 
set 9(6) := fe for any b E B k and each G N + U {oo} . Then B := (UfceN+ B k) u 
is a k-basis of g ; we fix a total order on it. Applying the PBW theorem to this ordered 
basis of g we get that J n has basis the set of ordered monomials {b^b^ 2 ■■■bl s | s E 
N_|_ , b r E B, Ylr=i^r d{b r ) > n}. Then one easily finds that Uh(g) v is generated by 
{ fT x b \ b E B 1 \B 2 } (as a unital .R-algebra) and it is the direct sum 

^(0) V = (® s£ n + R^KT ■■■{n-^Kf) U eN+ , brEB R^ 1 } b? ■■■b t ) 

V b r £B\B ao J V 3r:breB ao / 

From this it follows at once that Ufr(g) w j hUn(g) v = U (fj/fl(oo)) y i a an isomorphism 
which maps h~ d ^b mod hUfr(g) v to 6 mod g^) G 0/0(00) C f7 (0/0(00)) f° r & h 6 G 
B \ and maps hr n b mod HU h (g) w to for all b E B \ B^ and all n E N . 

Now assume CTiar (k) = p > . Then in addition to the previous considerations one 
has to take into account the filtration of u(g) induced by both the lower central series of 
g and the p-filtration of g, that is g D g^ D g^ 2 D ■ ■ ■ D g^" D ■ ■ ■ , where g^ n is the 
restricted Lie subalgebra generated by { x^ | x E g } and x h- > x[ p ] is the p-operation in 
g : these encode the J-filtration of f7(g), hence of H = u^(g) , so permit to describe H v . 

In detail, for any restricted Lie algebra f), let f) n := U(m P fc >n (^(m))^ P f° r & h 71 £ 
N_|_ (where (X) denotes the Lie subalgebra of f) generated by X) and i)^ := f]neN + §n ' 
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we call {f)n} n6N+ the p-lower central series of f) . It is a strongly central series of f), i.e. it 
is a central series (= decreasing nitration of ideals, each one centralizing the previous one) 
of f) such that [f) m , f) n ] < f) m + n for all m, n ; in addition, it verifies f)Jf^ < f) n+ i . When f) is 
Abelian {f) n j cM coincides (after index rescaling) with the p-power series \ f)[ p "l \ 

Applying these tools to g C u(g) the very definitions give g n C J n (for all neN) 
where J := J u (b) : more precisely, if B is an ordered basis of g then the (restricted) PBW 
theorem for u(g) implies that J n / J n+1 admits as k-basis the set of ordered monomials 
of the form x^x^ ■ ■ ■ x\ a such that J2 s r=1 e r d(x ir ) = n where d{x ir ) G N is uniquely 
determined by the condition Xi r G ga( Xir ) \&d(x ir )+i an d each fixed lift in g of an 

element of a fixed ordered basis of Qd{x ik ) j 9d(x ik )+i • This yields an explicit description of 
J, hence of u(g) v and u^,(g) v , like before: in particular u h (g) v ^ hun,(g) v = u (g/goo) • 

Definition 5.8. For any k-coalgebra C, define X f\Y := A -1 (X <g> C + C <g> 1") /or 
subspaces IJo/C. .Set a/so A^ := X and /\ n+1 X := ( /\ n X) /\ X for all n G N + , 
and also f\°X := k ■ 1 if C is a k-bialgebra. 

Lemma 5.9. Let H be a Hopf k-algebra. Then D n = /\ n+1 (k • 1) for all neN. 

Proof. Definitions give Do := Ker (Si) = k • 1 = /Y^k • 1) . By coassociativity we have 
D n := Ker (5 n+1 ) = Ker ((S n <g> 6 J o 6 2 ) = Ker ((5 n ® 6i) o A) = A" 1 (Ker (5 n <g> Oi)) = 
A- 1 (Ker(S n )(g)H+H(g)Ker(5 1 )) = A" 1 (D^^H+H^Dq) = L> n _iAA) = Dn-iA^ 1 ) 
for all ?igN + ; so by induction D n = D n _ x A(k-l) = ( f\{k-l)) /\{k-l) = A n+1 (k-l) . □ 

Definition 5.10. 

(a) We call pre-restricted universal enveloping algebra (in short, PrUEA) any H G 
HAt which is down-filtered by J (that is, f] neN J n = {0} ). We call VrUEA the full 
subcategory ofTiA^ of all the PrUEAs. 

(b) We call pre-function algebra (in short, PFA) any H G TiAk which is up-filtered by 
D (that is, [j neN D n = H ). We call VTA the full subcategory ofTiAt of all the PFAs. 

The content of the notions of PrUEA and of PFA is revealed by parts (a) and (b) of 
next theorem, which collects the main results of this section. 

Theorem 5.11. ("The Crystal Duality Principle") 

(a) The assignment H i— > H w := H/j^°, resp. H i— > H' := |J n eN-^ n ' defines 
a functor ( ) v : HAt — > 'HA\, resp. ( )': HAt — > HAt, whose image is VrUEA, 
resp. VTA. More in general, the assignment A \— > A w := A/j^° , resp. C i— > C := 
Un6N-^"(^)' defines a surjective functor from augmented k-algebras, resp. coaugmented 
k-coalgebras, to augmented k-algebras which are down-filtered by J_, resp. coaugmented 
k-coalgebras which are up-filtered by D; and similarly for k-bialgebras. 
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(b) Let H G HAk ■ Then H := Gj_(H) = U(g) , as graded co-Poisson Hopf algebras, 
for some restricted Lie bialgebra g which is graded as a Lie algebra. In particular, if 
Char (k) = and dim(H) G N then H = k-1 and q = {0} . 

More in general, the same holds if H = B is a k-bialgebra. 

(c) Let H G HAk . Then H := Gd_{H) = F[G] , as graded Poisson Hopf algebras, for 
some connected algebraic Poisson group G whose variety of closed points form a (pro)affine 
space. If Char(k) = then F[G] = H is a polynomial algebra, i.e. F[G] = k[{xi} ieX \ 
(for some set I); in particular, if dim(H) G N then H = k • 1 and G = {1} . If 
p := Char(k) > then G has dimension and height 1, and if k is perfect then F[G] — H 
is a truncated polynomial algebra, i.e. F[G] = k[{xi} ieX \ j ({x[} ieJ ) (for some set T). 

More in general, the same holds if H = B is a k-bialgebra. 

(d) For every H G TiAt , there exist two 1-parameter families (H v )^ = IZj(H v ) and 
((H v )fr) in HAt giving deformations of H v with regular fibers 

if Char(k) =0, U(q-) \ = ~ < o^h^i R y i^ n ^o j F[KJ[ = F[G* 



if Char(k) >0, u(g_) J ^ ' (H v)v ((h v ) r v )' I F[K-\ 

and two 1-parameter families Hfl = TZ^H') and (Hf() V in HAk giving deformations of 
H' with regular fibers 

+J H h ' n (HnT ' 1 u(t+) if Char(k)>0 

where G + is like G in (c), K_ is a connected algebraic Poisson group, g_ is like g in (b), 
fi + is a (restricted, if Char(k) > ) Lie bialgebra, g+ is the cotangent Lie bialgebra to G + 
and G*_ is a connected algebraic Poisson group whose cotangent Lie bialgebra is g_ . 

(e) If H = F[G] is the function algebra of an algebraic Poisson group G, then F[G] is 
a bi-Poisson Hopf algebra (see [KT], §1), namely 

F\G] = Sb*)/({x* nW \xeAr F[Gl }) = U( x )/{{x pnW \xeAr F[Gl ]) 

where J\fp[G] ^ s the nilradical of F[G], p n ^ is the order of nilpotency of x G Nf[G\ an d 
the bi-Poisson Hopf structure of S(g x ) j {^\J^ P ( ' x e -Yf[G] j) ^ s the quotient one from 

S(g x ) ; in particular, if the group G is reduced then F[G] = S(g x ) = U(g x ) . 

(f) If Charik) = and H = U(g) is the universal enveloping algebra of some Lie 
bialgebra g, then U(g) is a bi-Poisson Hopf algebra, namely 



Ufa) = S(g) = F[g*} 
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where the bi-Poisson Hopf structure on S(g) is the canonical one. 

If Char(k) = p > and H = u(g) is the restricted universal enveloping algebra of 
some restricted Lie bialgebra g, then u(g) is a bi-Poisson Hopf algebra, namely 

uGj) = S(g)/({x*>\xeg}) = F[G*] 

where the bi-Poisson Hopf structure on S(g) I ({x p | x G g}) is induced by the canonical 
one on S(g), and G* is a connected algebraic Poisson group of dimension and height 1 
whose cotangent Lie bialgebra is g . 

(g) Let H, K G HAk and let tt: H x K ► k be a Hopf pairing. Then % induce a 

filtered Hopf pairing 7r/ : H w xK' > k , a graded Hopf pairing tt g : HxK ► k , both 

perfect on the right, and Hopf pairings over k[h] (notation of §5.1) H% x Kn ► k[h] 

and Hfr 7 x K% > k[h] , the latter being perfect on the right. If in addition the pairing 

Tif : H w x K' >■ k is perfect, then tt g is perfect as well, and and Kf[ are dual to 

each other. The left-right symmetrical results hold too. 

Proof. Parts (a) through (c) of the statement are proved by the analysis in §5.4, but for 
the naturality of H i— > H v and H H' , which is however clear because, <p(J£°) Q 
and tp(p n (H)') C D n (K) for any morphism ip : H — > K within HAt ■ In addition, for 
part (b) when Char(k) = and dim(H) e N we have to notice that H = U(g) is finite 
dimensional too, hence H = U(g) = k-1 and g = {0} ; similarly for (c) these assumptions 
imply that H = F[G] is finite dimensional too, so H = F[G] = k - 1 and G = {1} , q.e.d. 
Finally, if H = B is just a k-bialgebra then both B := Gj_(B) and B := Gq_{B) are 
irreducible graded k-bialgebras: then by [Ab], Theorem 2.4.24, they are also graded Hopf 
algebras, whence we conclude as if B were a Hopf algebra. 
Part (d) is proved by §5.5. 

As for part (e), it is almost entirely proved by the analysis in §5.6, noting also that 
in the case of H = F[G] one has S(g x ) = U(g x ) because g x is Abelian. What is 
left to check is whatever refers to bi-Poisson structures. Indeed, the Lie bracket of g x 
extends to a Poisson bracket which makes S(g x ) into a bi-Poisson Hopf algebra (see §5.1); 

then ( { x pn(x) 1 ) is a bi-Poisson Hopf ideal, thus S(g x ) /( { x pn{x) \ ) 

is a bi-Poisson Hopf algebra as well. But F[G] also inherits a Poisson bracket from F[G] 
which makes it into a bi-Poisson Hopf algebra too: it is then clear that the isomorphism 

S(& x ) / {{ x pn(x) } ) 2* F\G] is one of bi-Poisson Hopf algebras. 

/VI J xeAf F iG] ' 

Similarly, part (f) is proved by the analysis in §5.7, noting also that both U(g) and 
S(g) = F[G*] are naturally bi-Poisson Hopf algebras, isomorphic to each other via 
the previously considered isomorphism. In addition, the same holds also for u(g) and 
S(g) / ({x p | x G g}) = F[G*] , because [{x p | x G g}) is a bi-Poisson Hopf ideal of S(g) . 
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Finally, we go for part (g). Let tt: H x K ► k be the Hopf pairing under study. 

Consider the filtrations J = { J„ n \ _ T and D = {D*\ ^ M • The key fact is that 

D* = {J H n+1 )^ and J H n+1 C (DZ) 1 - for all ti6N. (5.6) 

Indeed, if X is a subspace of a coalgebra C and C is in perfect "Hopf-like" pairing 
with an algebra A , one has f\ n X = ((X^f) (cf. Definition 5.8) for all neN, where 
the superscript _L means "orthogonal subspace" (either in A or in C) w.r.t. the pairing 
under exam (cf. [Ab] or [Mo]). Now, Lemma 5.9 gives D* = /\ n+1 (k-l x ) , thus D* = 

A n+1 (k-lJ = (^((k-l x ) ± ) n+1 ) = (J H n+1 ) ± because (k-Lj^ = J H (w.r.t. the pairing tt 

above). Therefore D* = (J H n+1 )^ , and this also implies J H n+1 C (D^ . 

Now := [j neN D- = [j n&} {J H n+1 ) ± = {f] ne ^ J H n+1 ) ± = Thus tt induces 

a Hopf pairing 717 : if v x JT' > k as required, and by (5.6) this respects the filtrations 

on either side. Then by general theory 717 induces a graded Hopf pairing tt g as required: 

in particular tt g is well-defined because Q (4 n+1 ) J_ an d 4" +1 — iPn) (^ or au 
n G N + ) by (5.6), and both ttj and tt g are perfect on the right because all the inclusions 
D% C (J H n+1 ) ± happen to be identities. Clearly by scalar extension tt defines also a Hopf 
pairing x — >■ k[h] ; then (5.6) and the description of B.% and K^ 1 in Lemma 5.2 
directly imply that this yields another Hopf pairing x — > k[h] as claimed. 

Finally when iTf is perfect it is easy to see that tt g is perfect as well; note that this 
improves (5.6), for we have J H n+1 = (D^) 1 for all n e N. It is also clear that the pairing 
Hfr x Kf[ — ► k[h] is perfect as well, and that Hn and K% are dual to each other. □ 

Remarks : (a) It is worth noticing that, though usually introduced in a different way, 
H' is an object which is pretty familiar to Hopf algebra theorists: indeed, it is the con- 
nected component of H (cf. [Ga5] for a proof); in particular, H is a PFA if and only if it is 
connected. Nevertheless, surprisingly enough the pretty remarkable property of its associ- 
ated graded Hopf algebra H = Gd_(H) expressed by Theorem 5. 11(c) seems to have been 
unknown so far (at least, to the author's knowledge)! Similarly, the "dual" construction of 
H y and the important property of its associated graded Hopf algebra H = Gj[H) stated 
in Theorem b. 11(b) seem to have escaped the specialists' attention. 

(b) Part (d) of Theorem 5.11 is quite interesting for applications in physics. In fact, let 
if be a Hopf algebra which describes the symmetries of some physically meaningful system, 
but has no geometrical meaning (typically, when it is not commutative nor cocommutative, 
as it usually happens in quantum physics) , and assume also H' = H = H v . Then Theorem 
bAl(d) yields a recipe to deform H to four different Hopf algebras bearing a geometrical 
meaning, which means having two Poisson groups and two Lie bialgebras attached to H, 
hence a rich "geometrical symmetry" (of Poisson type) underlying the physical system; if 
the ground field has characteristic zero (as usual) we simply have two pairs of mutually 
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dual Poisson groups together with their tangent Lie bialgebras. In §10 we'll give a nice 
application of this kind with the two pairs of groups strictly related, yet different. 

5.12 The hyperalgebra case. Let G be an algebraic group, which for simplicity 
we assume to be finite-dimensional. By Hyp (G) we mean the hyperalgebra associated to 
G, defined as Hyp(G) := (F[G]') e = { <p G F[G}° | <p(m e n ) = 0, V n > } , that is the 
irreducible component of the dual Hopf algebra _F[G]° containing e = e F[G] , which is a 
Hopf subalgebra of F[G]°; in particular, Hyp(G) is connected cocommutative. Recall that 
there's a natural Hopf algebra morphism $ : U(g) — >■ Hyp(G) ; if Char(k) = then $ 
is an isomorphism, so Hyp(G) identifies to U(g); if Char(k) > then $ factors through 
u(g) and the induced morphism $ : u(g) — > Hyp (G) is injective, so that u(g) identifies 
with a Hopf subalgebra of Hyp (G). Now we study Hyp (G) , Hyp (G) , Hyp (G), Hyp (G). 

As Hyp(G) is connected, letting Co := Corad (Hyp (G)) be its coradical we have 
Hyp(G) = {J neN A n+1 C = lXeN,A n+1 (k" 1) = U n eN D n +i (Hyp (GQ) =: Hyp (G)' . 
Now, Theorem h.ll(c) gives Hyp(G) := Go_(Hyp(G)) = F[r] for some connected al- 
gebraic Poisson group r ; Theorem 5.11(e) yields F[G] = S(q*) / ( { } J 

a (p( S ( B >)/({^<}^j)) = u(( 8 -r), with ( B .)»" := S p an ({ 

r,nGFf}) C , and noting that $j x = 0* . On the other hand, exactly like for U(g) 
and u(g) respectively in case Char(k) = and Char(k) > , the filtration D of Hyp{G) 
is nothing but the natural filtration given by the order of differential operators: this im- 
plies immediately Hyp (G)n' '■= (k[h] <E>k Hyp (G)) = ({ h n x^ | x G g , n G N }) , where 
hereafter notation like x ( - n - > denotes the n-th divided power of x G g (recall that ffyp (G) is 
generated as an algebra by all the x^'s, some of which might be zero). It is then immediate 
to check that the graded Hopf pairing between Hyp{G)n j hHyp(G)n = Hyp(G) = F[r] 

and F[G] given by Theorem 5.11^ is perfect. From this we easily argue that the cotan- 
gent Lie bialgebra of F is isomorphic to ( (g*) J . 

As for Hyp(G) w and Hyp(G), the situation is much like for U(g) and u(g), in that it 
strongly depends on the algebraic nature of G (cf. §5.7). 

5.13 The CDP on group algebras and their duals. In this section, G is any 
abstract group. We divide the subsequent material in several subsections. 

Group-related algebras. For any commutative unital ring A , by A[G] we mean the group 
algebra of G over A and, when G is finite, we denote by A&(G) := A[G] (the linear dual 
of A[G] ) the function algebra of G over A. Our purpose is to apply the Crystal Duality 
Principle to k[G] and A^(G) with their standard Hopf algebra structure: hereafter k is a 
field and R := k[h] as in §5.1, and we set p := Char(k) . 
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Recall that H := A[G] admits 67 itself as a distinguished basis, with Hopf algebra 
structure given by g- H l ■= g- G l , 1 H := 1 G , A(g) :=g®g, e(g) := 1 , S(g) := g' 1 , for 
all <7, 7 G G . Dually, H := Aa(G) has basis {(f g | g G 67} dual to the basis G of A[G] , with 
¥g{l) := ^3,7 f° r an AS 7 e G j Hopf algebra structure is given by • <^ 7 := o~ g , 1 l p g , 
!ff : = E 3eG ^, A(p 9 ) := E 7 .£= 3 ^7®V^, e (^s) := ^,i G , := (p g -i , for all 

g, 7 G G . In particular, #[G] = <g> k k[G] and A R [G] = R <g> k A k [G] . Our first result is 

Theorem A : (k[G]) ft ' = i? • 1 , k[G]' = k • 1 and k[G] = k • 1 = F[{*}] . 

Proof. The claim follows easily from the formula S n (g) = (g — l)® n ? for g G G, n G N . □ 

-R[G] V , k[G] v , k[G] and the dimension subgroup problem. In contrast with the triviality 
result in Theorem A above, things are more interesting for R[G] V = [k[G])^ , k[G7] v and 
k[G] . Note however that since k[G] is cocommutative the induced Poisson cobracket on 
k[G] is trivial, and the Lie cobracket of Iq '■= P(^[G]j is trivial as well. 

Studying k[G7] v and k[G] amounts to study the filtration {J n } neN , with J := Jfer(e k[G] ), 
which is a classical topic. Indeed, for nGN let T> n (G) := { g G G | (g — 1) 6 J"}: this 
is a characteristic subgroup of 67, called the n th dimension subgroup of G . All these 
form a filtration inside 6 : characterizing it in terms of G is the dimension subgroup 
problem, which (for group algebras over fields) is completely solved (see [Pa], Ch. 11, §1, 
and [HB], and references therein); this also gives a description of {^ n } n6N+ • Thus we 
find ourselves within the domain of classical group theory: now we use the results which 
solve the dimension subgroup problem to argue a description of k[67] v , k[G] and R[G] V , 
and later on we'll get from this a description of (R[G] W )' and its semiclassical limit too. 

By construction, J has k-basis {n g | g G67\{1 G }} , where r\ g := (g—1) . Then k[67] v is 
generated by { i] g mod J°° | g G 67\{1 G }} , and k[G] by {jjg~ | g G67\{1 G }} : hereafter 
x := x mod J n+1 for all x G J n , that is x is the element in k[G] which corresponds to 
x G k[G] . Moreover, g = 1 + r\ g = 1 for all # G 6 ; also, A ("77^) = Jj g ~®g+l®JJ g ~ = 
Ifg' <S> 1 + 1 <S> ff^ '■ thus ~ffg~ is primitive, so { ~rf^ | (7 eG \ {1 G }} generates 6g := P^k[G]^ . 

The Jennings-Hall theorem. The description of V n (G) is given by the Jennings-Hall 
theorem, which we now recall. The construction involved strongly depends on whether 
p := Charik) is zero or not, so we shall distinguish these two cases. 

First assume p = 0. Let G^ := 6, 67^) := (G,G^-i)) (k e form the lower 

central series of G ; hereafter (X, Y) is the commutator subgroup of G generated by the 
set of commutators {(x,y) := xyx~ 1 y~ 1 \x G X,y G Y} : this is a strongly central 
series in 6, which means a central series {6/ c } A , eN+ (= decreasing filtration of normal 
subgroups, each one centralizing the previous one) of G such that (G m ,G n ) < G m + n for 
all m , n . Then let s/G^ := G G | 3 s G N + : X s G G( n ) } for all n G N + : these form 
a descending series of characteristic subgroups in 6, such that each composition factor 
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A fn) := V G ( n ) /V G ( n + 1 ) is torsion-free Abelian. Therefore £q(G) := neN+ A^ is 
a graded Lie ring, with Lie bracket \g,£] := (g,£) for all homogeneous g, £ G £o(G0 , 
with obvious notation. It is easy to see that the map k <S>z £>o(G) — > to , g % , is an 
epimorphism of graded Lie rings: therefore the Lie algebra tc JS a quotient of k®%£ (G) ; 
in fact, the above is an isomorphism, see below. We shall use notation d(g) := n for all 

g e i/ G W \ V^n+i) • 

For each /c G N + pick in A? k , a subset B k which is a Q-basis of Q ®z A^ ; for each 
6 G B k , choose a fixed 6 G \/Gy^ such that its coset in be 6, and denote by Sjt the 
set of all such elements b . Let B := UfceN + Bk '■ w e call such a set t.f.l.c.s.-net ( = "torsion- 
free-lower-central-series- net" ) on G. Clearly Bk = ^B n y/G^k) j \^Bn j for all 
. By an ordered t.f.l.c.s.-net is meant a t.f.l.c.s.-net £? which is totally ordered in such a 
way that: (i) if a G -B m , 6 G S n , m < n , then a ^ 6 ; fzi) for each fc, every non-empty 
subset of Sfc has a greatest element. An ordered t.f.l.c.s.-net always exists. 

Now assume instead p > . The situation is similar, but we must also consider the 
p-power operation in the group G and in the restricted Lie algebra Iq • Starting from 
the lower central series (C(fc) } fceN+ , define G[ n ] := Yl kp e> n (G( k )) P for all n G N + 
(hereafter, for any group F we denote T v& the subgroup generated by \j p " | 7 G r } ): 
this gives another strongly central series {C[n]} neN+ m G, with the additional property 
that (G[ n ]) p < G[ n +i] f° r ai l n ? called the p~lower central series of G. Then C P (G) := 
©n6N + C[ n ]/G'[ n _|_i] is a graded restricted Lie algebra over Z p := Z/pZ, with operations 
^ + Z:=^7, :=(^I), ^ :=^p, for all g, £ E G (cf. [HB], Ch. VIII, §9). Like 

before, we consider the map k®^ p £p(G) — >■ £g , g i— > which now is an epimorphism 
of graded restricted Lie Z* p -algebras, whose image spans £g over k : therefore to is a 
quotient of k ®z p £p(G) ; in fact, the above is an isomorphism, see below. Finally, we 
introduce also the notation d(g) := n for all g G G[ n ] \ G[ n +i] • 

For each k G N + choose a Z p -basis I?*; of the Z p -vector space G^/G^+i] ', for each 
b G B k , fix 6 G such that 6 = 6G[ fc+1 ] , and let B k be the set of all such elements b . 
Let B := UfceN + Bk '■ such a set will be called a p-l.c.s.-net (= "p-lower-central-series-net" ; 
the terminology in [HB] is "ft-net") on G. Of course B k = (£? n \(Bn for 
all . By an ordered p-l.c.s.-net we mean a p-l.c.s.-net B which is totally ordered in such 
a way that: (i) if a G S m , b G S n , m < n , then a ^ 6 ; fn) for each fc, every non-empty 
subset of Sfc has a greatest element (like for p = 0). Again, p-l.c.s.-nets do exist. 

We can now describe each T> n (G), hence also each graded summand J n / J n+1 of k[G] , 
in terms of the lower central series or the p-lower central series of G , more precisely in 
terms of a fixed ordered t.f.l.c.s.-net or p-l.c.s.-net. To unify notations, set G n := G( n ) , 
9(g) := d(g) if p = 0, and G n := G [n] , 9(g) := d(g) if p>0, set G^ := f\ neN+ G n , let 
B := UfceN + Bk be an ordered t.f.l.c.s.-net or p-l.c.s.-net according to whether p = or 
p>0 , and set £(0) := +00 and £(p) := p for p > . The key result we need is 



THE GLOBAL QUANTUM DUALITY PRINCIPLE: THEORY, EXAMPLES, APPLICATIONS 49 



Jennings-Hall theorem (cf. [HB], [Pa] and references therein). Let p := Char(k) . 

(a) For all g e G , n g e J n g G 67 n . Therefore V n (G) = G n for all n G N+ . 

(b) For any n G N+ , the set of ordered monomials 

B n := {l^7 61 ■■•Tfc £r bi G B d% , e t G N+ , e { < £(p) , b x <---<b r , Y?i=&&i = n } 

is a k-basis of J n /J n+1 , and 1 := {1} U UneN 1 " is a ^-basis of k\G] . 

(c) { Tjb I b G B n } is a k-basis of the n-th graded summand to H (J n /J n+1 ) of the 
graded restricted Lie algebra to , and {Tjb \ b G B } is a k-basis of tc ■ 

(d) { Tjb I b G Si} is a minimal set of generators of the (restricted) Lie algebra to ■ 

(e) The map k®^ C p (G) — ► to , g 1— > n g , is an isomorphism of graded restricted Lie 
algebras. Therefore k[G] = U(k C p (G)) as Hopf algebras (notation of §1.1). 

(f) J°° = Span({ Vg I g G G^ }) , w/ience k[G] v IeG/Goo k-^ = kfC/G^] . □ 

Recall that (for any A) has A-basis {(x — l) n x~^ n ^ 2 ^ | n G N} , where [g] is 

the integer part of q G Q . Then from Jennings-Hall theorem and (5.2) we argue 

Proposition B . Let x g ■= hr 6( - g) n g , for all g G {67} \ {1} . Then 

reN, bi^ — 
reN, bi^---^b r 

// J°° = J™ for some neN (tff G 00 = G n ) we can drop the factors b~ [ei/2] , b~ [er/2] . □ 

Poisson groups from k[G]. The previous discussion attached to the abstract group G the 
(maybe restricted) Lie algebra to which, by Jennings-Hall theorem, is just the scalar 
extension of the Lie ring Cchar{k.) associated to G via the central series of the 67 n 's; in 
particular the functor G 1 — >■ £ G is one considered since long in group theory. 

Now, by Theorem h.S(d) we know that (R[G] W )' is a QFA, with (R[G] V )' = F[r G ] 

h=o 

for some connected Poisson group Jq . This defines a functor G h f G from abstract 
groups to connected Poisson groups, of dimension zero and height 1 if p > ; in particular, 
this Fq is a new invariant for abstract groups. 

The description of _R[67] V in Proposition B above leads us to an explicit description of 
(_R[67] V ) , hence of (_R[67] V ) = F\Fq] and Tq too. Indeed, direct inspection gives 

5 n ( Xg ) = ft(»-i)*(ff) x ®» , so ifj g := h Xg = fc-^ng G (R[G\ V )' \ h(R[G\ v )' for each 
g G G\G 00 , whilst for 7 G 67 oo we have ?? 7 G J°° which implies also r/ 7 G (_R[67] V ) , and 
even ^ G DneN ^ C^G^)' • Therefore (i?[G] v )' is generated by | g G 6\ {1}} U 

{ ?? 7 I 7 e Goo} • Moreover, g = 1 + h 9 ^' 1 ^ e (R[G] V )' for every jgG\G 00 , and 
7 = 1 + (7 — 1)g1 + J 00 C (.R[67] v ) for 7 G 600 . This and the previous analysis along 
with Proposition B prove next result, which in turn is the basis for Theorem D below. 
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Proposition C. 



wen' = (ffi l , ss , 1< „ <(W «-cv WI| "-c <v K/2] ) -j- = 

reN, bi^ — 
reN, 6i^---^6 r 

Jn particular, (R[G] V )' = R[G] if and only if G 2 = {1} = G^ . If in addition J°° = J n 
for some nEN (iff G^ = G n ) then we can drop the factors b 1 . . . , 6 r ^l 2 ^ . □ 

Theorem D . Let x g := ip g mod h (R[G] V )' , z g := g mod h (i?[G] v )' for all g ^ 1, 
and B l := {beB\ 9(b) = 1} , B > :={beB\ 9(b) > 1} . 

(a) If p = 0, then F[r G ] = (R[G] V ) is a polynomial/Laurent polynomial alge- 

h=o 

bra, namely F[r G ~j = ^[{' 26±1 }&eBi'~' ^^beB^ > the z^s being group-like and the x^s 
being primitive. In particular r G — x (G a xB> ) as algebraic groups, that is r G is 

a torus times a (pro)affine space. 

(b) If p>0, then F[r G ] = ( J R[C] V ) is a truncated polynomial/Laurent polyno- 

h=o 

mial algebra, namely F[r G ] = ^[{^j beB U{x b } beB> ] /({z b p -l} beB U «} 6eB> ) , the 
Zb 's being group-like and the x^ 's being primitive. In particular r G = (/x p xBl ) x (et p xB> ) 
as algebraic groups of dimension zero and height 1. 

(c) The Poisson group r G has cotangent Lie bialgebra t G , that is coLie(r G ) = t G . 

Proof, (a) Definitions give d(g£) > d(g) + d(£) for all g,£ e G, so that [ipg^ipg] = 
h i-d(g)-d(£)+d((g,£)) ^ {g/) gl e % . (R[G] V )' , which proves (directly) that {R[G] V )' is 

commutative! Moreover, the relation 1 = g~ x g = g~ x (l + h d ^~ x vbg) (for any g G G) 
yields z g -i = z g ~ x iff d{g) = 1 and z g -\ = 1 iff d{g) > 1 . Noting also that J°° = 
mod h {R[G] y )' and g = 1 + h 9 ^)- 1 ^ = 1 mod h {R[G] y )' for j6G\G co , and also 
7 = 1 + ( 7 - 1) g 1 + J°° = 1 mod h (R[G] V )' for 7 G G^ , Proposition C gives 

F\r G ] = (R[G] y )' = (® K'-Cl^fe k - x b ei 

s6N, 6i^...^6 s reN, bi^---^b r 

which means that F [r G ] is a polynomial-Laurent polynomial algebra as claimed. Again 
definitions imply A(z g ) = z g ®z g for all g G G and A(x fl ) = x g ® 1 + 1 <E> x g iff <9(<7) > 1 ; 
thus the Zb's are group-like and the x^s are primitive as claimed. 

(b) The definition of d implies d(g i) > d(g)+d(£) (g,£& G), whence we get [ipg,ipi] = 
h i-d(g)-d(e)+d« 9 ,e))^ {g i)g£ e ft-(R[G] y y, proving that (#[G] V )' 



1 ( . . j g commu tative. 

h=o 

In addition d(g p ) > p d(g) , so V/ = h v{ - 1 ~ d ^ 77/ = frp-i+d(g p )-pd(g) ^ gp e ft. ( J R[G] V )' , 
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whence (V'/|^_o) P = ^ inside (_R[G?] V ) = FJ^Tg] , which proves that r G has dimen- 
sion and height 1. Finally W = (1 + i) b ) v = 1 + ifj b p = 1 mod h (R[G] V )' for all b G B x , 
so 6 _1 = 6 P_1 mod ft (R[G] V ) . Thus letting x g := ip g mod ft (i?[67] v ) (for g^l) we get 

F[r G l = (R[G] V )' = (ffi k-z b ei ■■■z h e A®(G) k-x b ei ■■■x h e A 

just like for fa,) and also taking care that z b = x b + 1 and z b p = 1 for b G I?i . Therefore 
(-R[G] v ) is a truncated polynomial/Laurent polynomial algebra as claimed. The prop- 
erties of the x b s and the z b s w.r.t. the Hopf structure are then proved like for (a) again. 

(c) The augmentation ideal m e of (R[G] V )' = F[Fq\ is generated by {x b } beB ; 
then ft" 1 ^,^] = h 9 ^,e))-0(9)-0W ^ (g £) (i + ft%H^)(i + fi9W-i^) by the pre- 
vious computation, whence at ft = one has {x g ,xi\ = X( g ^ mod trig if 9((g,£)) = 
9(g) + 6(£) , and = mod m e 2 if £ )) > + 9(t ) . This means that the 

cotangent Lie bialgebra m e ^/ m e 2 of r G is isomorphic to fig , as claimed. □ 

Remarks : (a) Theorem D claims that the connected Poisson group K G := r G is dual to 
t G in the sense of §1.1. Since R[G] W = U(t G ) and (R[G] V )' = F[K g ] , this gives 
a close analogue, in positive characteristic, of the second half of Theorem 2.2(c). 

(b) Theorem D gives functorial recipes to attach to each abstract group G and each 
field k a connected Abelian algebraic Poisson group over k, namely G i— > r G = K G , 
explicitly described as algebraic group and such that coLie (K G ) = \ G ■ Every such r G 
(for given k) is then an invariant of G , a new one to the author's knowledge. Indeed, it 
is perfectly equivalent to the well-known invariant t G (over the same k), because clearly 
r Gl = r G2 implies £ Gl = t G2 , whereas t Gl = %q 2 implies that r Gl and r G2 are isomorphic 
as algebraic groups — by Theorem D(a-b) — and bear isomorphic Poisson structures - 
by part (c) of Theorem D — whence r Gl = Fq 2 as algebraic Poisson groups. 

The case of At(G) . Let's now dwell upon H := A^(G) , for a finite group G . 

Let A be any commutative unital ring, and let k, R :— k[ft] be as before. By definition 
Aa(G) = A[G]* , hence A[G] = A&(G)* , and we have a natural perfect Hopf pairing 
Aa(G) x A [67] — > A. Our first result is one of triviality: 

Theorem E . A R (G) V = R ■ 1 © R^' 1 } J = (A R (G) V )' , A k (G) v = k-l, A^G) = 
A R (G) V = k- 1 = U(0) and (A R (G) V )' =k-l = F[{*}]. 



h=o 



Proof. By construction J := Ker (e Ak(G) ) has k-basis {<Pg} g€G \{ 1 }U{</?i G — l Ak(G) } , and 
since cp g = (p g 2 for all g and (<~p\ G — l) 2 = — ((pi G —l) we have J = J°° , so A^(G) V = k-1 
and Afc(G) =k-l. Similarly, A R (G) W is generated by {h~ 1 (p g } g&G ^ x y U {^ -1 (¥>i G — 
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1 Ar{g) )}; moreover, J = J°° implies h n J (1 A R (G) W for all n, whence A R (G) W = 
RlQRfi-^J. Then J Ar(g) v = R^'^J C HA R (G) V , which implies (A fl (G) v )' = 



A i? (G) v : in particular, (A i? (G) v )' = 



= k • 1 , as claimed. □ 

fi=o 



Poisson groups from A k (G) . Now we look at A R (G)' , A k (G)' and A k (G) . By con- 
struction A R {G) and R[G] are in perfect Hopf pairing, and are free .R-modules of fi- 
nite rank. In this case, since Proposition 4.4 yields A R (G)' = {R[G] V ) we have in 
fact A R (G)' = {R[G] V )* = {R[G] y Y : thus A R (G)' is the dual Hopf algebra to R[G] y ; 
then from Proposition B we can argue an explicit description of A R (G)' , whence also of 
(A R (G)'Y ■ By Theorem 5.10(g) and its proof, namely that A k (G)' = (</ k ^j) , there 
is a perfect filtered Hopf pairing k[G] v x A k (G)' — > k and a perfect graded Hopf 
pairing k\G] x A k (G) — ► k: thus A k (G)' = (k[G] v )* as filtered Hopf algebras and 
A k (G) = (k[G]) as graded Hopf algebras. If p = then J = J°°, as each g G G has finite 
order and g n = 1 implies geG^: then k[G] v = k- 1 = k\G] , so A k (G)' = k- 1 = MG) . 
If p > instead, this analysis gives A k (G) = (k[G\) = (u(fi G ))* = F[K G ] , where K G 
is a connected Poisson group of dimension 0, height 1 and tangent Lie bialgebra l G . Thus 

Theorem F . 

(a) There is a second functorial recipe to attach to each finite abstract group a connected 
algebraic Poisson group of dimension zero and height 1 over any field k with Char(k) > , 
namely G i— > Kq '■= Spec (^A k (G) j . This K G is Poisson dual to Tq of Theorem D in the 
sense of §1.1, in that Lie (Kg) = 6g = coLie^Tc) ■ 

(b) If p := Char(k) >0, then {A R (G)'f = u(fi^) = S(t£) I ({x p \xel£}) ■ 

Proof. Claim (a) is the outcome of the discussion above. Part (b) instead requires an 
explicit description of (Ar(G)'Y ■ Since A R (G)' = (i?[G] v )* , from Proposition B we get 
A R (G) = ( © R • pt 1 ' '"'h r ) where each pl 1, ' , t r is defined by 

ei,...,e r £l o-[ei/2] £s ^-[e s /2]\ _ r -n-r 



Pb 1 ,...,b r > A/3! Pi A/3 S Ps y — O r>s H i=1 Obi&Oei^i 

(for all 6^, Pj G -B and < e^, e,- < p ). Now, using notation of §1.3, K^ C if' for any K G 
Hv4, whence K' = w -1 (K ) where 7r : K — » K /K^ =: K is the canonical projection. 
So let K := R[G] V , H := A R (G)' ; Proposition B gives K^ = R^' 1 ] • J°° and provides 
at once a description of K ; from this and the previous description of H one sees also that in 
the present case K^ is exactly the right kernel of the natural pairing H x K — > R , which 
is perfect on the left, so that the induced pairing H x K — ► R is perfect. By construction 
its specialization at H = is the natural pairing F[Kq] x u(t G ) — > k, which is perfect 
too. Then we can apply Proposition 4.4(c) (with K playing the role of K therein) which 

yields k'= (H v )' = ^A R (G)'Yj . By construction, K' = (R[G] V )' '/(i^" 1 ] - J 00 ), 
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and Proposition C describes the latter as K = ffi R ■ ib h • • • ib h r I , where 

r6N, b^ — ^br 

:= mod i^/T 1 ] • J°° for alH; since k'= ^A R (G)'fJ and ^ = h +1 Xg , this 
analysis yields {A R (G)') V = (0 i? • Jr£««p^;;£) - (*')*, whence 



6i€B, 0<ei<p 



we 



get (^«(G)') V | fco = (iry | fco = (if'U)* = ((fl[G] v )'| te0 )* S F[r ]' = u(t*) = 
S(^q ) y/ ({x p | x G }) as claimed, the latter identity being trivial (as 6^ is Abelian). □ 

Remarks : (a) this is another invariant for G, but again equivalent to %g ■ 

(b) Theorem F(b) is a positive characteristic analogue for F^G] = A R {G)' of the first 
half of Theorem 2.2(c). 

Examples: 

(1 ) Finite Abelian p -groups. Let p be a prime number and G := Z p ^i x Z p e 2 x • • • x Z p e k 
(k, ei, . . . , e*; G N), with e\ > e 2 > • • • > . Let k be a field with Char{k) = p > , 
and := Ik [ft] as above, so that k[G]n = R[G] . 

First, to is Abelian, because G is. Let gi be a generator of Z pEi (for all i ), identified 
with its image in G . Since G is Abelian we have G[ n ] = G7 P ™ (for all n ), and an ordered 
l.c.s.-net is B := IJreN + B r with B r := < gf , g% , . . . , <7? | where j r is uniquely defined 
by e, r > r , e,- +i < r . Then fig has k-basis { 77 p h } , and minimal set 

9i l<i<k- 0<8i<ei 

of generators (as a restricted Lie algebra) { ~rj^ , , . . . , ~rj^ } , for the p-operation of 
to is (l p s ) = ?7 ps+i , and the order of nilpotency of each Jj^~ is exactly p e \ i.e. the 
order of & . In addition J°° = {0} so k[G] v = k[G] . The outcome is k[G] v = k[G] and 



£[g] = u ( e o) = u( tG )/({( W r- vrrj^'u {( v^f} 1 



whence k[G] = k[xi, . . . , x k ] /({ xf 



Ki< k 



}) ' via % 



xf (for alH, s ). 



As for k[67]^, for all r < we have d[gf ) = p r and so x 3 ? r = ^ ^ (fi'f ~~ l) an d 
ip ? r = h l ~ pl (gf — l) ; since Gro^ = {1} (or, equivalently, J°° = {0} ) and everything is 

Abelian, from the general theory we conlude that both k[G]^ and [k[G]^ ) are truncated- 



polynomial algebras, in the \ p r ' s and in the ip P »-'s respectively, namely 



via the isomorphisms given by x p 3 



= k[/»][ yi ,...,y fc ] /{[yf \ l<i<k}) 



= Hh] {z lyS } 1 



yf and t() gP > 



, . . . \ Z; J' l *' / A' 

<i<k ■ 0<s<e 

(for all i, s). When ei > 1 
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this implies (k[G\%) ^ k[G] fi) that is a counterexample to Theorem 2.2(b). Setting 
ip p<> := ip p« mod h (k[G]ft) (for all 1 < i < k , < s < ) we have 



ft=0 



(V }i 



0<s<ei 
<i<fc 



{^.};i*<T]/({<,|^^*}) 



(via V>p s 



Wi )S ) as a k-algebra. The Poisson bracket trivial, and the w ijS : s are primitive 
for s > 1 and A(w i) i) = u^i <g> 1 + 1 <g) w^i + w^i <S> for all 1 < % < k . If instead 
ei = • • • = efc = 1 , then (k[G]^)' = k[G] ft . This is an analogue of Theorem 2.2(b), 
although now Char(k) > , in that in this case k[G] h is a QFA, with k[G] h = k[G] = 



F[G] where G is the group of characters of G . But then F[G] = k[G] = k[G] } 



h=o 



F [Jq] (by general analysis) which means that G can be realized as a finite, 



connected, Poisson group-scheme of dimension and height 1 dual to to , i-e. i~G = Kq . 

Finally, a direct easy calculation shows that — letting x* := h d ^ (ip g — (pi) G A^(G)' h 
and ip* := ^ d(ff)_1 - (pi) G (A k (G)')^ (for all g <E G \ {1} ) — we have also 



A k (G); = k[A] 



0<s< ei 
<i<k 



k[h] {Y h3 }\ 



0<s< ei 
<i<k 



0<s<e; 
<k 



via the isomorphisms given by x* P 



'{ ( Y P\0<s<ei\ 
\\ i,jfl<i<k ) 



Y ijS and ip* pS i— > , from which one also gets the 



h=o 



u(fi 



GV 



analogous descriptions of A^(G)' h = A^(G) = F[Kq] and of (A^(G)' h ) 

h=o 

(2) A non-Abelian p -group. Let p be a prime number, k be a field with Char(k) = 
p > , and .R := k[h] as above, so that k[G]ft = R[G] . 

Let G := Z p x Z p 2 , that is the group with generators is, r and relations v p = 1 , 
t p 2 = 1, z/rz/" 1 = r 1+p . In this case, G [2] = ••• = G [p] = {l,r p }, G [p+1] = {1} 
we can take B\ = {y , r } and _B P = |r p } to form an ordered p-l.c.s.-net B := B\ U 5. 
w.r.t. the ordering v <t <t v . Noting also that J°° = {0} (for (j[oo] = {1} )> we have 

t[G] ft v = e:i=o k [ ft i-^^^ = ©:to^r fl -^-(.-i) fl (r-i) b (r"-i) c 

as k[/i]-modules, since d(z/) = 1 = d(r) and <i(r p )) = p , with A(x ff ) =Xg®l + l®Xg + 
fod(g) ^ ^ ^ f or a ^ g £ B . As a direct consequence we have also 



so 



a,b,c=0 1 



Xt XrP 



k[G], 



hg] = erj c=0 



The two relations v p = 1 and r p = 1 within G yield trivial relations inside k[G] and 
k[Cr] ft ; instead, the relation vrv~ x = r 1+p turns into [f] u ,Vr] = Vtp • , which gives 
[Xu,Xt] = ft p ~ 2 XrP -tv ink[G] ft v . Therefore [xU , = 5 Py2 X^ ■ Since [x7,X^]=0 = 
[ , Xtp] (because vr v v~ x = (r 1+p ) P = r p+p = t p ) and [Xu , Xt , Xtp} is a k-basis 
of Ig = £ p ((j) 5 we conclude that the latter has trivial or non-trivial Lie bracket according 
to whether p ^ 2 or p = 2 . In addition, we have the relations \ p = , Xtp = an d 
X^? = Xtp '■ these give analogous relations in k[G] R v , which read as formulas for the 
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p-operation of Ig, namely \v ^ = , Xtp = , \ T ^ = Xtp ■ 

To sum up, we have a complete presentation for k[Gr] R v by generators and relations, i.e. 

7 V ^i^-^^i, ^ i , v£ -v 3 , v£ , v 2 v 3 - v 3 v 2 J 
via Xv l— *■ > Xr | — ► i> 2 ) Xtp ^ ^3 • Similarly (as a consequence) we have the presentation 

L j a=o \y^y^y*// y yiy3 -y 3 y u yf, ^, y 2 y 3 -y 3 y 2 ) 

via x^7 1 — > yi , Xt l—> J/2 , Xr?" >— ► 2/3 , with p-operation as above and the j/j's being primitive 
Remark : if p 7^ 2 exactly the same result holds for G = Z p x Z p 2 , i.e. 6 z p KZ p2 = ^ z p xz p2 : 
this shows that the restricted Lie bialgebra to may be not enough to recover the group G . 

As for (k[G] ft v ) , it is generated by ip u = v — 1, ip T = r — 1, ^> rP = h 1 ~ p (r p — l) , with 
relations ^ = , if>P = hP' 1 ^ , ij> T » = , ^ Vv - Vv Vv = h p ~ x ^ T v (1 + Vv) (1 + Vv) , 
tp T tp T p — tp T p tp T = , and i/>2, ip T p — ip T p ip v = . In particular (k[G] ft v ) , and 

(k[G] ft V )' - m{m^U 3 )/( y«3-«3«l, U 2 P -^- 1 «3, ^«3-«3«2 ^ 
V ft ^ X ' / \U{ , Ui U 2 - U 2 Ui - h p 1 U 3 (1 + lt 2 ) (1 + Ml) , M 3 / 

via ip v ui , ip T i-> it 2 , Vvp h-> w-3 . Letting zi := Itj =0 + 1 , ^2 := Vv|;j =0 + 1 an d 
£3 : = V'tp | fi=0 this gives (k[G] ft v )' = k[zi, z 2 , x 3 ]^(zl — 1, z£ — 1, £3 ) as a k-algebra, 
with the Zi's group-like, £3 primitive (cf. Theorem Df&j), and Poisson bracket given by 
{21,22} = 5 Pj2 z 1 z 2 x 3 , {^2,^3} =0 and {z u x 3 \ =0. Thus (k[G] ft v )' = F[r G ] with 
= fi p x fi p x cx p as algebraic groups, with Poisson structure such that coLie (A?) = to ■ 
Since = {1} the general theory ensures that A k (G)' = A k (G) . We leave to the in- 
terested reader the task of computing the filtration D of A^(G), and consequently describe 
A R (G)' , [A R (G)'Y , A k (G) and the connected Poisson group Kg := •S'pec (A k (67)) . 

(3j An Abelian infinite group. Let G = Z n (written multiplicatively, with generators 
ei, . . . , e n ), then k[G] = k[Z n ] = kfe^ 1 , . . . , e^ 1 ] (the ring of Laurent polynomials). This 
is the function algebra of the algebraic group Gm, i.e. the n-dimensional torus on k (which 
is exactly the character group of Z n ), thus we get back to the function algebra case. 



§ 6 First example: the Kostant-Kirillov structure 

6.1 Classical and quantum setting. We study now another quantization of the 
Kostant-Kirillov structure. Let g and g* be as in §5.7, consider g as a Lie bialgebra with 
trivial Lie cobracket and look at 0* as its dual Poisson group, hence its Poisson structure 
is exactly the Kostant-Kirillov one. 

Take as ground ring R := k[v] (a PID): we shall consider the primes H = v and 
h = v — 1 , and we'll find quantum groups at either of them for both q and q*. 
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To begin with, we assume Char(k) = , and postpone to §6.4 the case Char(k) > . 
Let jj;, := g[u] = k[u] Cg>k g, endow it with the unique k[z/]-linear Lie bracket [ , ] v 
given by [x, y\ v := v [x, y] for all x, y G g , and define 

H := U k[u] (g u ) = T k[v] (g v ) j ({ x ■ y - y ■ x - v [x, y] \ x,y G g }) , 

the universal enveloping algebra of the Lie k[z/]-algebra g v , endowed with its natural 
structure of Hopf algebra. Then H is a free k[u] -algebra, so that H G HA and Hp := 
k(v) H G HAp (see §1.3); its specializations at v = 1 and at v = are 

H j [y — 1) H = U(g) as a co-Poisson Hopf algebra, 
H j vH = S(g) = F[g*] as a Poisson Hopf algebra; 

in a more suggesting way, we can also express this with notation like H V ^ X > U(g) , 
H > F[g*] . Therefore, H is a QrUEA at H := (v— 1) and a QFA at h:= u; thus now 
we go and consider Drinfeld's functors for H at (i/ — 1) and at (u). 

6.2 Drinfeld's functors at (u). Let ( ) v <"> : HA — > HA and ( )'<"> : HA — > HA 
be the Drinfeld's functors at (u) ( G <Spec(k[V]) ) . By definitions J := Ker (e : H — > k[v\) 
is nothing but the 2-sided ideal of H := U(g u ) generated by g v itself; thus i7 V| >) , which 
by definition is the unital k[z/]-subalgebra of Hp generated by J V| >) := z/ _1 J, is just 
the unital k[z/]-subalgebra of Hp generated by 0z, V(l/) := v~ x g v . Now consider the k\y\- 
module isomorphism ( ) V(l/) : g v — ^ g^^ := v~ x g v given by zhz v := v~ 1 z G g^ {u) 
for all z G g^ ; consider on g v := k[v] ® k g the natural Lie algebra structure (with trivial 
Lie cobracket), given by scalar extension from g , and push it over 0„ v (") via ( ) V( ">, so that 
g v w ^ is isomorphic to g™ at (i.e. g u carrying the natural Lie bialgebra structure) as a Lie 
bialgebra. Consider x v , y v G g u v ^ (with x, y <E g v ): then H v (^ 3 (x v y v - y v x v ) = 
f~ 2 (a: 2/ - y x) = v~ 2 [x,y\ u = v- 2 v\x,y\ = ^[x.y] = [x,y] v =: [x v ,y v ] G 0„ v ("> . 
Therefore we can conclude at once that H v (») = U{g u w ^) = U(g™ at ) . 

As a first consequence, (H v ^) U{g^ at )/v U(g^ at ) = U (g™ 1 / 'u g^ at ) = U(g) , 

that is H y (») U(g) , thus agreeing with the second half of Theorem 2.2(c). 

Second, look at (H v m)' m . Since H y ^ = U(g^) , and 6 n (rj) = for all r/ G 
U(g u y( - V '>) such that d{rj) < n (cf. the proof of Lemma A.2(d)), it is easy to see that 

(ffV^j'oo = (^ >)) = ( I/I/ -l fll/ ) = tf( fl „) = 

(hereafter (S) is the subalgebra generated by S), so (i/ v (")) = i7 , which agrees with 
Theorem 2.2(b). Finally, proceeding as in §5.7 we see that H'(^ = U^g^), whence 
(H'm) = (U{ug v )) ^ S(g ah ) = F[g*_ ab ] where g ab , resp. g* 5 _ ab , is simply g, 



v=0 



u=0 
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i/=0 



resp. g*, endowed with the trivial Lie bracket, resp. cobracket, so that (H'w 
S(&ab) = F[8s-ab] nas trivial Poisson bracket. Similarly, we can iterate this procedure 
and find that all further images (• • • ) V) • • •) ^ of the functor ( )'<"> applied 

many times to H are all isomorphic, hence they all have the same specialization at (v), 
namely 



((■■■«*)'<->)"■"■■■)'"") 



= S( Bab ) = F[gS_J . 



!/ = 



6.3 Drinfeld's functors at (y — 1). Now consider (^ — 1) ( G Spec(k\y\) ) , and let 
( ) V( "- 1) : ?M — > HA and ( : ft„4 — ► ft„4 be the corresponding Drinfeld's func- 

tors. Set g^'^ 1 ) := (v — 1) g^ , let : g„ — ^> g^ -1 ' := (z/ — l)g^ be the k[^]-module 
isomorphism given by 2; 1— > 2/ := (f— 1) 2 G qJ^-^ for all zGj v , and push over via it the 
Lie bialgebra structure of g^ to an isomorphic Lie bialgebra structure on qJ^-v , whose 
Lie bracket will be denoted by [ , ] + . Notice then that we have Lie bialgebra isomorphisms 

g = Qv/iv-Vsv = Q v 'w/(y-i)8v'w . 

Since H := U(q v ) it is easy to see by direct computation that 

tf'(-D = {{y-l)Q v ) = Ufojw) , (6.1) 

where qJ (i, - x) is considered as a Lie k[z/]-subalgebra of g^ . Now, if x\ y' G Q u ' l -"- 1) (with 
x i V G Q v ), we have 

x y -y x = (v-l) 2 (xy-yx) = {v-lf [x,y] v = [x,y]J = [x'.y'J^ . (6.2) 

This and (6.1) show at once that = s(q„'w /(y-1) g^- 1 )) as Hopf 

(1/— 1)=0 V / 

algebras, and also as Poisson algebras: indeed, the latter holds because the Poisson bracket 
{ , } of S^Qv'*-"- 1 ) /(v — 1) g^'^- 1 ' j inherited from .ffV-i) (by specialization) is uniquely 
determined by its restriction to Q U ' {1 " 1 ' > j(y — 1) Q V I{ - V ~ 1S > , and on the latter space we have 
{ , } = [,]„ mod (v-l)8v'w (by (6.2)). Finally, since $ v 'w/{y- 1) fc/c-D g 
as Lie algebras we have [H'i^A = S(q) = F[g*] as Poisson Hopf algebras, or, in 

[y— 1)=0 

short, H'<-»-v V ^ X > F[q*] , as prescribed by the "first half" of Theorem 2.2(c). 

Second, look at (H'i- 1 ) ) V(l/_1) . Since if(-i) = I/^'c- 1 )) , we have that JV-D : = 
Ker (e : ffV-D — 5. k[z/]) is nothing but the 2-sided ideal of H'w = U(gJ^) generated 
by Qv' ( »-v ; thus (l/" / (- 1 )) V( ^ 1) , generated by ( J'c- 1 ) ) V(l/_1) := (z/-l) _1 JV-D as a unital 
k[^]-subalgebra of [H 1 ^- 1 ^ p = H F , is just the unital k[z/]-subalgebra of i^p generated 
by (^-l)- 1 ^!) = (u-1)-\u-1)b v = Sv , that is to say (#V-d) v ^ = t/( fll/ ) = H , 
according to Theorem 2.2(b). 

Finally, for if v ("- 1 ) one has essentially the same feature as in §5.7, and the analysis 
therein can be applied again; the final result then will depend on the nature of g, in 
particular on its lower central series. 
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6.4 The case of positive characteristic. Let us consider now a field k such that 
Char{k) = p > 0. Starting from g and R : = k[u] as in §6.1, define g u like therein, and 
consider H := E/k[i/](fli/) = Ur(q u ) . Then we have again 

H I (v — 1) if = U(g) = u^ p l j as a co-Poisson Hopf algebra, 

H I vH = S(g) = F[gf] as a Poisson Hopf algebra 

so that if is a QrUEA at H := (f — 1) (for the restricted universal enveloping algebra 
u ffl^ j ) an d is a QFA at h := u (for the function algebra F[g*] ); so now we study 
Drinfeld's functors for H at {y — 1) and at (u). 

Exactly the same procedure as before shows again that H V( - v ) = Uig^^A , from which 

it follows that (if V| ») = U(g) , i.e. in short H y ^ I/ ~ >0 > U(g) , which is a result quite 
"parallel" to the second half of Theorem 2.2(c). 

Changes occur when looking at (H V (-))' M : since H w ^) = Ufojw) = u [p] ) 

we have 5 n (rj) = for all 1] G iiNg^)) ) such that d{rj) < n w.r.t. the standard 

filtration of u( (fli/^) ] (cf. the proof of Lemma 4.2(d), which clearly adapts to the 
present situation): this implies 

(H^)'^ = (v. (g>)) [pr ) ( c u(i/. (g>)) [pr ) ) 

/ r ] oo \ / r -I 

which is strictly bigger than if, because ( z/ ■ (Qv V(u) ) P ) = ( ^2 v ■ (g^ V( ' y) ) P 

= (Qv + v 1 - p {xP\xeg l ,} + is 1 -p 2 {xP 2 \xeg l ,} + --^ g U{q v ) = H. 

Finally, proceeding as above it is easy to see that ii"V) = (v P (U {Qu))^ = (v g^ 
whence, letting g := z/g and 5 := vx for all x G g , we have 

# V) =T R (g) / ({xy - yx - v 2 [^}, z p - v^zM | x,y,^Gg}) 



so that #V) — > T k (g) / ({xy-yx, z p x,y,z G g }) = S k (g ab )/ ({z p \zEg}) = 

= F[g}_j/{{ z p | z G g }) , that is #V) F[g£_ ab ]/({ z p | z G g }) as Poisson 

Hopf algebras, where g a & and g£_ a6 are as above. Therefore ffV) is a QFA (at ft = v) for 
a no n- reduced algebraic Poisson group of height 1, whose cotangent Lie bialgebra is the 
vector space g with trivial Lie bialgebra structure: this again yields somehow an analogue 
of part (c) of Theorem 2.2 for the present case. If we iterate, we find that all further images 

( • • • ((H)'M) V) • • • ) M of the functor ( )'<"> applied to H are all pairwise isomorphic, so 



- S(g ab ) /{{zP\zeg})=F [g* s _ ab ] /{{z p \zeg}). 

u=0 
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Now for Dr infold' s functors at — Up to minor changes, with the same procedure 
and notations as in §6.3 we get analogous results. First, an analogue of (6.1), namely 

v V-l) ' 



H'w = ((v-l)-P(U(tu))) = ((f-1) (0,) [pr ) = ^(W p] °°) ' ^ , holds and yields 
^) [pr ) V " 1) ) I ^{x'y'-y'x'-{v-l) [x',y'l, (^-(u-lf- 1 (x [p] )' \ 



x,y e {Qu) [ 

and consequently i/V-i) ^_ ^ = Sj^g) / ({ x p \ x G }) = F[g*] j {{ x p \ x G }) as 
Poisson Hopf algebras: in short, ifV-i) > F[g*] x p | x G g }) . 

Iterating, one finds again that all are pairwise isomorphic, so 

(■ ■ • ((#)'<->)'«->. • • - 5(g a6 )/({^ | ,Gg}) = F^_ a6 ]/({^ | ,Gg }) . 

v 7 (^-i)=o ' ' 

Further on, one has (#V-d) v ^ = (g.) [pl °° = <(^-l) _1 • (i>-l) 0.) = 

= (flf) = Ur(q u ) =: H , which perfectly agrees with Theorem 2.2(b). 

Finally, as for i^o- 1 ) one has again the same feature as in §5.7: one has to apply the 
analysis therein, however, the p-filtration in this case is "harmless" , since it is essentially 
encoded in the standard filtration of U(g). In any case the final result will depend on the 
properties of the lower central series of 0. 

Second, we assume in addition that be a restricted Lie algebra, and we consider 
H := u kM (0^) = u R (g„) . Then we have 

H j (v — 1) H = u(g) as a co-Poisson Hopf algebra, 

H juH = S(g) /{{ z p | z G g }) = F[g*] j ({ z p \ z G g }) as a Poisson Hopf algebra 

which means that if is a QrUEA at H := (u— 1) (for u(g) ) and is a QFA at H := v (for 
F[g*] /({z p \ z E g})); we go and study Drinfeld's functors for H at (f — 1) and at (v). 

As for i7 v (") , it depends again on the p-operation of g, in short because the /-filtration 
of u„(g) depends on the p-filtration of g. In the previous case — i.e. when g = \)^°° for 
some Lie algebra f) — the solution was a plain one, because the p-filtration of g is "encoded" 
in the standard filtration of U(l)); but the general case will be more complicated, and in 
consequence also the situation for (i/ v < ! ')) /(l ' > , since i/ v (") will be different according to the 

nature of g. Instead, proceeding exactly like before one sees that H'(-) = (vP(u{q v )) 
(v 0) , whence, letting g := z/g and x := vx for all x G g , we have 
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SO that if'M 



(»/({ 



xy—yx, z t 



F[Qs-a b ]/({z P \ that is ff' 



u=0 



, y, 5 G }) = S k (0a&) /({ zP I ^ G }) = 
= F[Qs-j/{{ z p \ zeg}) as Poisson 



Hopf algebras (using notation as before). Thus H'w is a QFA (at H = v ) for a non-reduced 
algebraic Poisson group of height 1, whose cotangent Lie bialgebra is with the trivial Lie 
bialgebra structure: so again we get an analogue of part of Theorem 2.2(c). Moreover, 

iterating again one finds that all ^ • • • ((H)' {u) }' • • • ^ ( ) are pairwise isomorphic, so 



(...((tfyW))'^...) 



(z>-l)=0 



= Sib*) ({# I ^fl}) = F^_ a6 ]/({^ | zG }) 



As for Drinfeld's functors at (y — 1), the situation is more similar to the previous case 
of H = U R (g v ). First H'w = ((v-1) ■ P(u( Ql/ ))) = ((*/-!) 0„) =: <0>-)>, hence 



H'^ =T R (g v 'w) I ({x'y'-y'x'-(v-l) [x',y'l, (x'f - (v-lf' 1 (x™)' 



x,y G 



•}) 



thus again H'^-v 



(u-l)=0 



S k (fl) /({x p | xeg}) = /({ xP | x G }) as Poisson 



Hopf algebras, that is H'(»-v v ^ > F[g*] j ({ x p | x G }) . Iteration then shows that all 
^ • • • ((i7) /(l/) ) /(l/_1) • • • j ( ' are pairwise isomorphic, so that again 



((H)' ( ^- 1) )' ((v ~ 1) ■ 



yc^-i) 



(^-l)=0 



5(0 a6 )/({^ | zeg}) = F[g* 5 _ ab ] {{z p \ zeg}) 



Further, we have (if'o-D)^ = ((^-1) = {(u-l)' 1 ■ (v-l)g v ) = (g v ) = 

= Ufl(0j,) =: H , which agrees at all with Theorem 2.2(b). Finally, i7 v (^ 1 ) again has the 
same feature as in §5.7: in particular, in this case the final result will strongly depend both 
on the properties of the lower central series and of the p-filtration of . 

6.5 The hyperalgebra case. Let k be again a field with Char(k) = p > 0. Like in 
§5.12, let G be an algebraic group (finite-dimensional, for simplicity), and let Hyp(G) := 
(F[G]°) £ = { G F[G]° | (j)(m e n ) = , V n > } be the hyperalgebra associated to G . 

For each v G Ik, let g v := (0, [ , ]„) be the Lie algebra given by endowed with the 
rescaled Lie bracket [ , ]„:=f[ , ]„■ By general theory, the algebraic group G is uniquely 
determined by a neighborhood of the identity together with the formal group law uniquely 
determined by [ , ] : similarly, a neighborhood of the identity of G together with [ , \ u 
uniquely determines a new connected algebraic group G v , whose hyperalgebra Hyp(G u ) 
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is an algebraic deformation of Hyp(G); moreover, G„ is birationally equivalent to 67, and 
for v 7^ they are also isomorphic as algebraic groups, via an isomorphism induced by 
= g v , x i — ^ v~ x x (however, this may not be the case when v = ). Note that Hyp (Go) 
is clearly commutative, because Go is Abelian: indeed, we have 



Hyp(G ) = *( 8 w ")/({ 



) = 4M*]/({^W,») 



where 0^°° := Span ^x^ pn ^ x G , n G ^ ; here as usual x^> denotes the n-th 
divided power of x G (recall that Hyp(G), hence also Hyp(G v ), is generated as an 
algebra by all the x^'s, some of which might be zero). So Hyp (Go) = F[r] where r is a 
connected algebraic group of dimension zero and height 1: moreover, r is a Poisson group, 
with cotangent Lie bialgebra and Poisson bracket induced by the Lie bracket of g . 

Now think at v as a parameter in R := k[z/] (as in §6.1), and set H := k[u] (E) k Hyp (G v ) . 
Then we find a situation much similar to that of §6.1, which we shall shortly describe. 

Namely, H is a free k[z/] -algebra, thus H G TiA and Hp :— k(u) <S>k[i/] H G T~CAf (see 
§1.3); its specialization at = 1 is H j [y — 1) if = ffyp(Gi) = Hyp(G) , and at z/ = 

^->Hjp(G) and 



is H j v H = Hyp (Go) = F[r] (as a Poisson Hopf algebra), or if — 

if > F[r] , i.e. if is a "quantum hyperalgebra" at h := (v — 1) and a QFA at h := v . 
Now we study Drinfeld's functors for H at h = (u — 1) and at ft = v . 

First, a straightforward analysis like in §6.2 yields H y ^ = k[u] £g>k Hyp(G) (in- 
duced by g = g v , x i— > z/ _1 x) whence in particular (H V( ^) = Hyp(G), that is 



i/=0 



Hyp (G) . Second, one can also see (essentially, mutatis mutandis, like in 



= H 



v=0 



= Hyp (Go) = F[r\. 



§6.2) that (H v m) V) = H, whence (H V (")) V) 

At h = (u—1), we can see by direct computation that i/V-i) = ^(g( p ) where 

( fl (p)°°) / ( , '- 1 > : = Span (z/ - l)P n x^ x G , n G N }) . Indeed the structure of HV-D 
depends only on the coproduct of H, in which v plays no role; therefore we can do the 
same analysis as in the trivial deformation case (see §5.12): the filtration D_ of Hyp(G v ) 
is just the natural filtration given by the order (of divided powers), and this yields the 
previous description of H' < - v ~ 1 '> . When specializing at v = 1 we find 

H'<"-» / {v - 1) H'i»-» = ^(0 (p)OO )/({^} x€fl(P)O o) = Hvp(Go) = F[r] 



as Poisson Hopf algebras: in a nutshell, H'^-^ is a QFA, at H = v- 
r. Similarly H'M = ( (g (p) °°) ,(l ' ) ) with (gW°°) ,lv) := Span ({ v^>" 
thus on the upshot we have 



-1 , for the Poisson group 



x 



(p n ) 



x G0, n G N 



x. 



} 



= F[r ab ] 
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where g a & is simply g with trivialized Lie bracket and r a (, is the same algebraic group 
as r but with trivial Poisson bracket: this comes essentially like in §6.2, roughly because 



{vx,vy) := {y l [vx,vy\) 



(y 1 -v 3 [x,y] ) 



Finally, we have (H'(—v) V( "- 1) = ^| (v - 1) 



v=0 



X 



(v-v[x,y} & ) 



(p n ) 



1S = 

x G , n G N 



(i,ye g). 
H and 



(i^ / (-)) V( " ) = (J| ^"-^(p") £ g g, n G n}^ ^ # , by direct computation. For # v (— 
we have the same features as in §5.7: the analysis therein can be repeated, the upshot de- 
pending on the nature of G (or of g, essentially, in particular on its p-lower central series). 



§7 Second example: quantum SL 2 , SL n , finite and affine Kac-Moody groups 

7.1 The classical setting. Let k be any field of characteristic p > 0. Let G := 
ST^k) = SL2 ; its tangent Lie algebra g = sl2 is generated by f,h,e (the Chevalley 
generators) with relations [h,e] = 2 e, [h, /] = —2/, [e, /] = h . The formulas 5(f) = 
h ® f — f ® h , 5(h) = , 5(e) = h <g> e — e <S> h , define a Lie cobracket on g which gives 
it a structure of Lie bialgebra, corresponding to a structure of Poisson group on G. These 
formulas give also a presentation of the co-Poisson Hopf algebra U(q) (with the standard 
Hopf structure). If p > , the p-operation in SI2 is given by e^ = , f^ = , h\ p ^ = h . 

On the other hand, F[SL 2 ] is the unital associative commutative k-algebra with gen- 
erators a, 6, c, d and the relation ad — be = 1 , and Poisson Hopf structure given by 

A(a) = a® a + b® c, A(b) = a <g> b + b <g> d , A(c) = c <g> a + d <g> c , A(d) = c <g) 6 + d <g) d 
e(a) = l, e(6) = 0, e(c) = , e(d) = 1 , 5(a) = d, 5(6) = -6, 5(c) = -c, 5(d) = a 
{a,6} = 6a, {a,c} = ca, {6, c} = , {d, 0} = — 6d, {d,c} = — cd, {a,d} = 2oc. 

The dual Lie bialgebra g* = sl 2 * is the Lie algebra with generators f, h, e , and relations 
[h, e] = e, [h, f] = f, [e, f] = 0, with Lie cobracket given by 5(f) = 2(f <g> h — h <g> f), 
5(h) = e ® f — f <g> e, 5(e) = 2(h <g> e — e ® h) (we choose as generators f := /* , h := ft* , 
e := e* , where {/*, h* , e*} is the basis of sl 2 * which is the dual of the basis {/, h, e} of 
s\.2 )• This again yields also a presentation of U (s\ 2 ) ■ If p > , the p-operation in sl 2 * 
is given by e^ = 0, f^ = 0, h^ = h. The simply connected algebraic Poisson group 
whose tangent Lie bialgebra is SI2* can be realized as the group of pairs of matrices (the 
left subscript s meaning "simply connected") 




\ / z x 

z r\o z- 1 



x,y G k,z G k\ {0} } < SL 2 xSL 2 



This group has centre Z := {(/, I), (—1, —I)} , so there is only one other (Poisson) group 
sharing the same Lie (bi)algebra, namely the quotient a SL2* := S SL2* / Z (the adjoint 
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of S SL 2 * , as the left subscript a means). Therefore F[ S SL 2 *] is the unital associative 
commutative k-algebra with generators x, z ±x : y, with Poisson Hopf structure given by 

A(x) = x <g> z~ x + z ® x , ^( z±1 ) = z±1 ® z±1 > A(y) =y® z~ l + z®y 
e(x) = 0, e(z ±1 )=l, e(y) = 0, = -x , S{z ±1 ) = z^\ S(y) = -y 

{x, y} = (z 2 - z~ 2 )/2 , {z±\x} = ±xz±\ {z±\y} = T z ±1 y 

(N.B.: with respect to this presentation, we have f = d y \ , h = zd z \ e , e = <9 x | e , where e 
is the identity element of S SL 2 * ). Moreover, F[ a SL 2 *] can be identified with the Poisson 
Hopf subalgebra of F[ S SL 2 *] spanned by products of an even number of generators — i.e. 
monomials of even degree: this is generated, as a unital subalgebra, by xz, z ±2 , and z~ x y. 

In general, we shall consider g = g r a semisimple Lie algebra, endowed with the Lie 
cobracket — depending on the parameter r — given in [Gal], §1.3; in the following we 
shall also retain from [loc. cit] all the notation we need: in particular, we denote by Q, 
resp. P, the root lattice, resp. the weight lattice, of g , and by r the rank of g . 

7.2 The 5 QrUEAs U q (g) . We turn now to quantum groups, starting with the sl 2 case. 
Let R be any domain, h E R \ {0} an element such that R/hR = k; moreover, letting 
q := h+ 1 we assume that q be invertible in R, i.e. there exists q~ x = (h + l) -1 G R . E.g., 
one can pick R := k[q, g -1 ] for an indeterminate q and h := q — 1 , then F(R) — k(q) . 

Let Ug(g) = V q (sl 2 ) be the associative unital F(i?)-algebra with (Chevalley-like) gen- 
erators F, K ±x , E, and relations 

KK' 1 = 1 = K~ X K , K ±X F = q^FK* 1 , R ±X E = q ±2 ER ±x , EF-FE = K ~ K _, . 

q-q 

This is a Hopf algebra, with Hopf structure given by 

A(F) = F® K' 1 + 1 <g> F, A(R ±1 ) = R ±x ® R ±x , A{E) = E ® 1 + K ® E 
e(F) = , e^ 1 ) = 1 , e(E) = , S(F) = -FR, ±x ) = R^\ S(E) = -R~ X E . 

R - 1 

Then let U q (g) be the .R-subalgebra of U g (g) generated by F, H : = — , 

R — R~ x 

F := — j— , R ±x , E. From the definition of U q (g) one gets a presentation of U q (g) 

as the associative unital algebra with generators F, H, r, R ±x , E and relations 

RR~ l = 1 = R~ X R , R ±X H = HR ±X , R ±X T = TK ±1 , HT = TH 
{q-l)H = K-l, (q-q-^r = R-R' 1 , H {l+R' 1 ) = (l+q'^T , EF-FE = T 
R ±l F = q T2 FR ±x , HF = q~ 2 FH - (q + l)F , rF = q~ 2 FF - (q + 
R ±l E = q ±2 ER ±1 , HE = q +2 EH + (q + l)E , rE = q +2 Er + (q + q'^E 

5 In §§7-9 we should use notation C/ g _i(g) and i^-ifG] , after Remark 1.5 (for ft = q— 1); instead, 
we write U q (g) and -F g [G] to be consistent with the standard notation in use for these quantum algebras. 
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and with a Hopf structure given by the same formulas as above for F, K ±l , and E plus 

A(r) = r®K + K- 1 ®r, e(r) = o, s(r) = -r 

A(H) = H®l + K®H, e(H)=0, S{H) = -K~ 1 H . 

Note also that K =l + (q-l)H and K~ x = K - (q -q'^T = 1 + (q - 1)H - (g-g _1 )r , 
hence is generated even by F, H, r and E alone. Further, notice that 

Ug(fl) = free F(i2)-module over | F a K z E d | a, d G N, z G Z j (7.1) 
£y 9 ( fl ) = #- S panof ^F a H b r c E d a, b, c, d G N } inside U g (g) (7.2) 

which implies that F(R)<S>RU q (g) = U g (g) . Moreover, definitions imply at once that U q (g) 
is torsion- free, and also that it is a Hopf .R-subalgebra of U 9 (g) . Therefore U q (g) G TiA, 
and in fact U q (g) is even a QrUEA, whose semiclassical limit is U(g) = [/(s^) , with the 
generators F, K^ 1 , H, r, E respectively mapping to /, 1, h, h, e G {/(sfe) • 

It is also possible to define a "simply connected" version of U ? (g) and U q (o), obtained 
from the previous ones — referred to as the "adjoint (type) ones" — as follows. For U g (g), 
one simply adds a square root of K ±x , call it L ±x , as new generator; for U q (g) one adds 

the new generators L ±x and also D := — . Then the same analysis as before shows 

q-1 

that U q (g) is another quantization (containing the "adjoint" one) of U(g) . 

In the general case of semisimple g, let U g (g) be the Lusztig-like quantum group - 
over R — associated to g = g T as in [Gal], namely U 9 (g) := U™ v (g) with respect to the 
notation in [loc. cit], where M is any intermediate lattice such that Q < M < P (this is 
just a matter of choice, of the type mentioned in the statement of Theorem 2.2(c)): this is 
a Hopf algebra over F(R) : generated by elements Fi , M i: Ei for % = 1, . . . , r =: rank(g) . 
Then let U q (g) be the unital i?-subalgebra of U q (g) generated by the elements F i: Hi := 

— r, := 1 - _\ , M^ 1 , Et , where the K { = M a . are suitable product of M,-'s, 
q — 1 q — q 

defined as in [Gal], §2.2 (whence K h K~ x G U q (g) ). From [Gal], §§2.5, 3.3, we have that 
U g (g) is the free F(i?)-module with basis the set of monomials 



n F t-U K ^- n e « 

ae&+ i=l 06$+ 



f a ,e a G N, Zi G Z, Va G i = 1, . . . 
while C/g(g) is the i?-span inside U g (g) of the set of monomials 

f a ,ti,Cj,e a G N V a G $ + , i,j = 1, 



77. 



II ' II" IP II * 



77. 



(hereafter, $ + is the set of positive roots of g, each E a , resp. F a , is a root vector attached 
to a G $ + , resp. to —a G (— $ + ), and the products of factors indexed by $ + are ordered 
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with respect to a fixed convex order of <E> + , see [Gal]), whence (as for n = 2) U q (g) is a 
free Ft-module. In this case again U q (g) is a QrUEA, with semiclassical limit U(g) . 

7.3 Computation of U q {g)' and specialization U q (g)' — - — — >F[G*]. We begin 
with the simplest case g = 5^ • From the definition of U q (g) = U q (sl2) we have (VnGN) 

<5 n (F) = (id - e)® n (A n (F)) = (id - ef n ( E«=i^® (a_1) ® £ ® l®( n ->) = 

= (id - e )®»(iir®(»-i) <g, £) = (F - l)®^" 1 ) ® E =(q- l) 71 " 1 • FF^ n " <g> F 

from which S n ((q - 1)F) G (g - l) n U q (g) \ (q - l) n+1 U q (g) , whence (q - 1)F G U q (g)' , 
whereas E ^ U q (g)' . Similarly, (q — 1)F G U q (g)\ whilst F ^ U q (g)' . As for generators 
if, T, FT* 1 , we have A n (H) = FT®^" 1 ) ® #® l® (n_s) , A n (K ±1 ) = (FT* 1 )®", 

A n (r) = £" =1 ^® (s_1) ® r <g> (#-1)®^"^ hence for S n = (id - ef n o A n we have 

S n (H) = (q- l) 71 ' 1 ■ H® n , 5 n {K~ 1 ) = (q- l) n ■ (—K~ 1 H)® n 
6 n (K) = (q- l) n • H® n , S n (r) = (q- l)™" 1 • £ (-l)" -8 ^'- 1 ) <g> F <g> (ifi*- 1 )®^ - ^ 



for all n G N , so that (g - 1)#, (q - l)r, FT* 1 G U q (g)' \(q- l)U q (g)' . Therefore C/g(fl)' 
contains the subalgebra C/' generated by (g — 1)F, F, K~ l , (g — 1)F, (g — 1)F, (g — 1)E . 
On the other hand, using (7.2) a thorough — but straightforward — computation along 
the same lines as above shows that any element in U q {g)' does necessarily lie in U' (details 
are left to the reader: everything follows from definitions and the formulas above for A n ). 
Thus U q {g)' is nothing but the subalgebra of U q (g) generated by F := (q — 1)F, K, F -1 , 
H := (q — 1)H, F := (q — 1)F, E := (q — 1)F; notice also that the generator H is 
unnecessary, for H = K — 1 . As a consequence, U q {g) can be presented as the unital 
associative F-algebra with generators F, F, F ±:L , E and relations 

KK~ l = 1 = F _1 F, K ±1 F = FF: ±1 , (l + g _1 )F = F - K~\ EF - FE = (g - 1)F 
K — F -1 = (l + g _1 )F , K ±X F = g T2 FK ±1 , K ±1 E = q ±2 EK ±1 
FF = g~ 2 FF - (g - 1) (g + g _1 )F , FF = g +2 FF + (g - l)(g + g _1 )F 

with Hopf structure given by 

A(F) = F <g) F -1 + 1 <g> F , e(F)=0, S(P) = -FK 

A(F) = F^F + F" 1 ®F, e(F)=0, 5(F) = -F 

A(F ±X ) = F^ ® F^ , e^ 1 ) = 1 , S^ 1 ) = F^ 

A (F) = F<g>l + F<g>F, e(F)=0, 5(F)=-F" 1 F. 

When q — > 1 , an easy direct computation shows that this gives a presentation of the 
function algebra F[ a SX 2 *], and the Poisson structure that F[ a SL 2 *] inherits from this 
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quantization process is exactly the one coming from the Poisson structure on a SL 2 : in 
fact, there is a Poisson Hopf algebra isomorphism 

U q fo)'/(q-l)U q fa)'-^F[ a SLf] ( CF[ S SL 2 *]) 

given by: E mod (q — 1) ^ xz , K ±l mod (g — 1) i— > z ±2 , i7 mod (g — 1) i— > z 2 — 1 , 
f mod (g - 1) h-> (z 2 - z~ 2 ) y/2, F mod (<? - 1) h-> In other words, ?7 9 (fl)' 

specializes to F[ a 5 , L 2 *] as a Poisson Hopf algebra. iVote that this was predicted by- 
Theorem 2.2(c) when Char(k) = , but our analysis now proved it also for Char(k) > . 

Note that we got the adjoint Poisson group dual of G = SL 2 , that is a SL 2 * ; a different 
choice of the initial QrUEA leads us to the simply connected one, i.e. S SL 2 * . Indeed, if 
we start from the "simply connected" version of U q (g) (see §7.2) the same analysis shows 
that U q (g) is like above but for containing also the new generators L^ 1 , and similarly 
when specializing 5 at 1: thus we get the function algebra of a Poisson group which is 
a double covering of a SL 2 , namely S SL 2 . So changing the QrUEA quantizing g we get 
two different QFAs, one for each of the two connected Poisson algebraic groups dual of 
SL 2 , i.e. with tangent Lie bialgebra sl 2 * ; this shows the dependence of the group G* (here 
denoted G* since g x =0*) in Theorem 2.2^ on the choice of the QrUEA (for a fixed g). 

With a bit more careful study, exploiting the analysis in [Gal] , one can treat the general 
case too: we sketch briefly our arguments — restricting to the simply laced case, to simplify 
the exposition — leaving to the reader the (straightforward) task of filling in details. 

So now let g = g T be a semisimple Lie algebra, as in §7.1, and let U q (o) be the QrUEA 
introduced in §7.2: our aim again is to compute the QFA U q (g)' . 

The same computations as for g = st(2) show that S n (Hi) = (q — l) n_1 • H® n and 
= (q- I)"" 1 • £?=i (-l) n - s H® (s - 1} ® T,® (HiKr 1 )**"-*, which gives 

ij t: =( 9 -l)F,ef/ ? (g)'\( g -l)[/ ? (g)' and /• := (q - 1) F, e U q {g)' \ (q - 1) U q (g)' . 

As for root vectors, let E 1 := (q — 1)E 1 and F 1 := (q — 1)F 7 for all 7 G $ + : 
using the same type of arguments as in [Gal] 6 , §5.16, we can prove that E a $ U q (g)' 
but E a G U q (g)' \ (q — 1) U q (g)' . In fact, let U 9 (b + ) and U 9 (b_) be quantum Borel 
subalgebras, and il^> , , H£< , their F-subalgebras defined in [Gal], §2: then 

both U q (b + ) and U 9 (b_) are Hopf subalgebras of Uq(jj); in addition, letting M' be the 
lattice between Q and P dual of M (in the sense of [Gal], §1.1, there exists an F(i?)-valued 
perfect Hopf pairing between U q (b±) and U (J (b= F ) — one built up on M and the other on M' 

such that 1X£> = (w-<)' , = , WJ> = (<<)' , and W"< = (<>)' . 



6 Note that in [Gal] the assumption Char(k) = is made throughout: nevertheless, this hypothesis is 
not necesary for the analysis we are concerned with right now! 
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Now, (q - q ~i)E a G = (<<)' , hence - since << is an algebra - we have 

A((g - q~ 1 )E a ^j G (il-< ® <<)' = (<<)" ® (<<)" = ® W-> • Therefore, by 
definition of and by the PBW theorem for it and for U£< (cf. [Gal], §2.5) we have 
that A^(g — g -1 )^^ is an IMinear combination like A^[q — q~ 1 )E a ^j = J2 r ®A^ 
in which the A^'s are monomials in the Mj's and in the £? 7 's, where E 1 := (g — g _1 ).E 7 
for all 7 G <E> + : iterating, we find that A £ ^(q — q^^E^j is an .R-linear combination 

^{{q-q-^E^ = J2 r 4 1} ® 4 2) ® • • • ® 4^ (7-3) 

in which the 's are again monomials in the Mj's and in the E^s. Now, we distinguish 
two cases: either A^ does contain some E 1 ( G (g — g _1 ) £^(9)) , thus e^Ar 7 '^ = G 

(g — 1) whence (id — e) ^A^ 7 ^ = ; or A^ does not contain any E 1 and is only a 

monomial in the M t 's, say A ( r j) = lfi =1 M r* : then (id - e)(^' } ) = nLi M T % ~ 1 = 

nr=i {(Q - 1) H t + l) mt - lG(g-l) tf g (fl) . In addition, for some "Q-grading reasons" 
(as in [Gal], §5.16), in each one of the summands in (7.3) the sum of all the 7's such 
that the (rescaled) root vectors E 1 occur in any of the factors A^\ A^\ ■ ■ . , A^ must 
be equal to a: therefore, in each of these summands at least one factor E 1 does occur. 
The conclusion is that S e (E a ) G (l + q' 1 )^ - l) e U q (Q)® 1 (the factor (l + q' 1 ) being 
there because at least one rescaled root vector E 1 occurs in each summand of <^(.E Q ) , 
thus providing a coefficient [q — g _1 ) the term (l + g _1 ) is factored out of), whence 
S t (E a ) e(q- l) £ U q (g)® £ . More precisely, we have also S e (E a ) £" (q- l) e+1 U q (gf £ , for 
we can easily check that A £ (i? a ) is the sum of M Q ® M a ® • • • <S> M a ® E a plus other 
summands which are .R-linearly independent of this first term: but then <^(-E a ) is the 



sum of (q — 1) ~ 1 H a ® H a ® • • • (g) H a ® E a (where H a := M q a J[ L is equal to an .R-linear 
combination of products of Mj's and H^s) plus other summands which are .R-linearly 
independent of the first one, and since H a <g> H a ® ■ • • <g> H a <g> E a G" (q — l) 2 U q (o)® we can 
conclude as claimed. Therefore Si[E a ) G (q — 1) £ U q (o)® e \ (q — U q (g)® £ , whence 
we get E a := (q — l)E a G U q (g)' \ (q — l) U q (g)' V a G <E> + . An entirely similar analysis 
yields also F a := (q - l)F a G U q (g)' \(q-l) U q {g)' V a G . 

Summing up, we have found that U q (g)' contains for sure the subalgebra U' generated 
by F a , Hi, Pi, E a for all a G <E> + and all i = 1, . . . , n . On the other hand, using (7.2) 
a thorough — but straightforward — computation along the same lines as above shows 
that any element in U q (g)' must lie in U' (details are left to the reader). Thus finally 
U q (g)' = U' , so we have a concrete description of U q (g)' . 

Now compare U' = U q (g) with the algebra U™{g) in [Gal], §3.4 (for (p = 0), the 
latter being just the .R-subalgebra of U g ({j) generated by the set { F a , Mi, E a | a G $ + , i = 
1, . . . , n } . First of all, by definition, we have U™(g) QU' = U q (g) ; moreover, 
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F a = ^F a , E a = ^E ai ^=1(^.-^-1) mod (g- 1)^(0) V a, V i . 
Then 

{UM\-U q {*)' /{q-l)U q b)' = U™(g)/(q-l)U™(g) = F[G* M ] 

where G* M is the Poisson group dual of G = G T with centre Z(G* M ) = MjQ and 
fundamental group iti{G* M ) = P/M , and the isomorphism (of Poisson Hopf algebras) 
on the right is given by [Gal], Theorem 7.4 (see also references therein for the original 
statement and proof of this result). In other words, U q (g)' specializes to as a 

Poisson Hopf algebra, as prescribed by Theorem 2.2. By the way, notice that in the present 
case the dependence of the dual group G* = G* M on the choice of the initial QrUEA (for 
fixed g) — mentioned in the last part of the statement of Theorem 2.2(c) — is evident. 

By the way, the previous discussion applies as well to the case of g an untwisted affine 
Kac-Moody algebra: one just has to substitute any quotation from [Gal] - referring to 
some result about Unite Kac-Moody algebras — with a similar quotation from [Ga3] 
referring to the corresponding analogous result about untwisted affine Kac-Moody algebras. 

7.4 The identity (U q {g)') W = U q (g) . In the present section we check that part of 
Theorem 2.2(b) claiming that, when p = 0, one has H e QrUEA =>- (H') V = H for 
H = U q (g) as above. In addition, our proof now will work for the case p > as well. Of 
course, we start once again from g = s[ 2 ■ 

Since e(F) = e(H) = e(f) = e(E) = , the ideal J := Ker(e: U q {g)' ► R) 

is generated by F, H, T, and E . This implies that J is the 12-span of j F v> H K r' y E 71 

(^«, 7 ,77)eN 4 \{(0,0,0,0)}}. Now I:=Ker(u q (B)'-^R-^>k) = (q-l)-U q (g)' +J, 

therefore we get that (U q (g) ) := J2 n>0 l(q — l) i) is generated, as a unital R- 

subalgebra of U q (g), by the elements (q - 1) _1 F = F, (q - l)~ l H = H, (q - l)" 1 / 1 = T, 
(q — 1) 1 E = E, hence it coincides with U q (g), q.e.d. 

An entirely similar analysis works in the "adjoint" well; and also, mutatis mu- 

tandis, for the general semisimple or affine Kac-Moody case. 

7.5 The quantum hyperalgebra Hyp (g). Let G be a semisimple (affine) algebraic 
group, with Lie algebra g, and let U g ($j) be the quantum group considered in the previous 
sections. Lusztig introduced (cf. [Lul-2]) a "quantum hyperalgebra", i.e. a Hopf subalgebra 
of Uq(fl) over Z[g, whose specialization at q = 1 is exactly the Kostant's Z-integer 
form Uz(g) of U(g) from which one gets the hyperalgebra Hyp(g) over any field k of 
characteristic p > by scalar extension, namely Hyp(g) = k ®i U%(g) . In fact, to be 
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precise one needs a suitable enlargement of the algebra given by Lusztig, which is given 
in [DL], §3.4, and denoted by r(g). Now we study Drinfeld's functors (at h = q — 1 ) on 
HyPq(o) := R ^[q^- 1 ] r(g) (with R like in §7.2), taking as sample the case of g = 5(2 • 

Let g = 5(2 • Let Hyp q (g) be the unital Z[q, g -1 ] -subalgebra of U q (g) (say the one 
of "adjoint type" defined like above but over Z[q,q~ x ~\) generated the "quantum divided 

J = II s ' E(n) := W ( fOT a11 n e 

N, c G Z) and by if -1 , where [n] ! := fl^i an< ^ = ~~ ^ _S ) / ~ f° r a ^ 



ti,sGff. Then (cf. [DL]) this is a Hopf subalgebra of U q (g), and Hyp q (g) = U z (g) ; 

q = l 

therefore Hyp q (g) := R®z[ qjq -i] Hyp^(g) (for any R like in §7.2, with k := R/hR and 
p := Char(k) ) specializes at q = 1 to the k-hyperalgebra ifyp(jj). Moreover, among all 
the ( K n C ) ' s ^ i s enough to take only those with c = . From now on we assume p > . 

Using formulas for the iterated coproduct in [DL], Corollary 3.3 (which uses the opposite 
coproduct than ours, but this doesn't matter), and exploiting the PBW-like theorem for 
Hyp q (g) (see [DL] again) we see by direct inspection that Hyp (g)' is the unital R 
subalgebra of Hyp (g) generated by K~ l and the "rescaled quantum divided powers" 

= n\ = 

q = l 

is generated by the corresponding specializations 

q=l 



(q-l) n F( n \ (q-l) n ( K ^ and (q - l) n E^ for all n£N. Since [n\ q \ 



iff p 



n, we argue that Hyp Jg) 



has dimension and height 1, and its cotangent 

q=l 

— has basis 

q=l 



of (q-l) p3 F(p s ) , (q-l) p3 (^ ; s °) and (q - if* E^ for all sGN: in particular this 
shows that the spectrum of Hyp (g)' 

Lie algebra J j J 2 — where J is the augmentation ideal of Hyp q (g)' 
{(q-lfF(P s \ (g-l) p '(^i°), (q-lfE^ 8 ) mod (q-1) Hyp q (g)' modJ 2 |sGN} 
Furthermore, (Hyp q (g)'Y is generated by (q - if'^F^ , (q - l)^" 1 (^ ; a °) , K~ x 
and (q - l) p ~ 1 E ( ~ pS ' ) for all s G N: in particular we have that [Hyp q (g)'Y C Hyp q (g) , 
and [Hyp (g)'Y is generated by the cosets modulo (q — 1) of the previous elements, 

which do form a basis of the restricted Lie bialgebra t such that [Hyp Jg) ) = u(t) . 

q = l 

We performed the previous study using the "adjoint" version of U q (g) as starting point: 
instead, we can use as well its "simply connected" version, thus obtaining a "simply con- 
nected version of Hyp (g) n which is defined exactly like before but for using L ±x instead 
of K^ 1 throughout; up to these changes, the analysis and its outcome will be exactly 
the same. Note that all quantum objects involved — namely, Hyp (g), Hyp q (g)' and 
[Hyp q (g)'Y — will strictly contain the corresponding "adjoint" quantum objects; on the 
other hand, the semiclassical limit is the same in the case of Hyp (g) (giving ifyp(jj), 



70 



FABIO GAVARINI 



in both cases) and in the case of (Hyp q (g)'Y (giving u(fi), in both cases), whereas the 
semiclassical limit of Hyp q (g)' in the "simply connected" case is a (countable) covering of 
that in the "adjoint" case. 

The general case of semisimple or affine Kac-Moody g can be dealt with similarly, 
with analogous outcome. Indeed, Hyp^(g) is defined as the unital Z[q, (/ _1 ]-subalgebra 
of U 9 (g) (defined like before but over Z[q, g -1 ]) generated by K~ l and the "quantum 
divided powers" (in the above sense) F t (n) , ( K ; ;c ) , E\ n) for all n E N , c E Z and i = 
1, . . . , rank(g) (notation of §7.2, but now each divided power relative to i is built upon q i: 
see [Gal]). Then (cf. [DL]) this is a Hopf subalgebra of U q (g) with Hyp z (g) = U z (g) , 

q=l 

so Hyp q (g) := R CSz^g- 1 ] Hyp^(g) (for any R like before) specializes at q = 1 to the 
k-hyperalgebra .Hyp (g) ; and among the (^; ;c )'s it is enough to take those with c = . 

Again a PBW-like theorem holds for Hyp q (g) (see [DL]), where powers of root vec- 
tors are replaced by quantum divided powers like , (^ K ^ c ^j • K~ Ent ( n / 2 "> anc [ , 
for all positive roots a of g (each divided power being relative to q a , see [Gal]) both in 
the finite and in the affine case. Using this and the same type of arguments as in §7.3 
- i.e. the perfect graded Hopf pairing between quantum Borel subalgebras — we see by 
direct inspection that Hyp q (g)' is the unital i?-subalgebra of Hyp (g) generated by the 

K~ lj s and the "rescaled quantum divided powers" (q a — l) n F^ , — l) n and 



(q a - l) n Ei n) for all n E N. Since [n] g ! 



q=l 



= n\ = iff p 



n , one argues like before 



that Hyp (g)' is generated by the corresponding specializations of (q c 



q=l 



lfFi pS) 



(ft - l) pS (^i ) and (q a - l) p3 E { f } for all s E N and all positive roots a: this 
shows that the spectrum of Hyp q (g)' has (dimension and) height 1, and its cotan- 



q=l 



has basis 



q=l 



SEN 



gent Lie algebra J j J 2 (where J is the augmentation ideal of Hyp q (g)' 
{(q a -lfFi pS \ (q t -lf( K ;l°) , (q a -lfE(^ mod (q-l)Hyp q ( S )' mod J 
Moreover, (Hyp g (g)') V is generated by (q a - lf^F^ , (fc - l)**" 1 ^ ) , K' 1 
and (q a — l) p 1 E& ^ for all s , i and a: in particular [Hyp q (g)') V ^ Hyp q (g) , and 
(Hyp g (g)') V is generated by the cosets modulo (q — 1) of the previous elements, which 



9 =i 



in fact form a basis of the restricted Lie bialgebra t such that (Hyp (g)'Y = u(t) . 

g=l 

7.6 The QFA -FgfG] . In this and the following sections we pass to look at Theorem 
2.2 the other way round: namely, we start from QFAs and produce QrUEAs. 

We begin with G = SL n , with the standard Poisson structure, for which an especially 
explicit description of the QFA is available. Namely, let F q [SL n ] be the unital associative 
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i?-algebra generated by { p^j | i, j = 1, . . . , n } with relations 

PijPik = qPikPij , PikPhk = qPhkPik V j < k, i < h 

PuPjk = PjkPu , PikPji - PjiPik = (q - <? _1 ) PuPjk Vz < j, k < I 

det q (pij) := Yl (-Q) 'pi,a(l)P2,a(2) • • • Pn,a{n) = 1 • 
creS n 

This is a Hopf algebra, with co-multiplication, counit and antipode given by 
for all = 1, . . . , n . Let F^SX™] := ®_r F^SX™] . The set of ordered monomials 



m := <; npjr rur nc 

i>j /i=fc Z<m 



iV st G N V s, t ; min {iV M , . . . , iV n , n } = I (7.4) 



is an .R-basis of F q [SL n ] and an F(i?)-basis of ¥ q [SL n ] (cf. [Ga2], Theorem 7.4, and [Ga7], 
Theorem 2.1 fcj). Moreover, F,[SX n ] is a QFA (at £ = q-l ), with FjSL n ] F[SL n ] . 

7.7 Computation of F q [G] v and specialization F q [G] w > U(g x ) . In this sec- 
tion we compute .F g [(j] v and its semiclassical limit (= specialization at q = 1 ). Note that 



N st GNVM; minjAT!,!,...,^} =0 



is an i?-basis of F q [SL n ] and an i ? (i?)-basis of ¥ q [SL n ]; then, from the definition of the 
counit, it follows that M' \ {1} is an .R-basis of Ker (e : F q [SL n ] — > R) . Now, by 

definition I := Ker ^F q [SL n ] — ^ - k^j , whence I = Ker(e) + (q - 1) • F q [SL n ] ; 

therefore (M' \ {1}) U {(q — 1) • l} is an Rt-basis of i", hence (q — l) -1 / has Pi-basis 

(q - l)" 1 • (M' \ {1}) U {1} . The outcome is that F q [SL n ] w := £ n > ((s - l)" 1 ^)" is 
just the unital .R-subalgebra of F 9 [£X n ] generated by 

Pij — Sij 



fij 



q-l 



i,3 = 



Then one can directly show that this is a Hopf algebra, and that F q [SL n ] w — - — —> U(sln) 
as predicted by Theorem 2.2. Details can be found in [Ga2], §§ 2, 4, looking at the algebra 
F q [SL n ] considered therein, up to the following changes. The algebra which is considered 

s 

in [loc. cit] has generators (l + (/ _1 ) 5lJ — — = l,...,n) instead of our 's 

(they coincide iff i = j) and also generators = 1 + (q — 1) ru ( z = 1, . . . , n ); then the 
presentation in §2.8 of [loc. cit.] must be changed accordingly; computing the specialization 
then goes exactly the same, and gives the same result — specialized generators are rescaled, 
though, compared with the standard ones given in [loc. cit], §1. 
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We sketch the case of n = 2 (see also [FG]). Using notation a := pi : i , b := pi i2 , 
c := p2,i , d := ^2,2 , we have the relations 

ab = gba, ac = gca, bd = gdb, cd = gdc, 

bc = cb, ad — da = (q — g _1 )bc, ad — qhc=l 

holding in F q [SL 2 ] and in W q [SL 2 ], with 

A(a) = a<g>a + b<g>c, A(b) = a<g>b + b<g>d, A(c) = c<g>a + d<g>c, A(d) = c<g>b + d<g>d 
e(a) = 1, e(b) = 0, e(c) = 0, e(d) = 1, S(a) = d, S(b) = -g _1 b, S(c) = -g +1 c, S(d) = a. 

Then the elements H + :=m = — — — , E := r\ 2 = — - — , F := r 2 1 = — - — and 

q — 1 q — 1 q — 1 

F_ := r 2)2 = generate F q [SL 2 ] V : these generators have relations 

H + E = q EH + + E , H + F = q FH + + F , EH_=qH-E + E, FH- = q H-F + F , 
EF = FE, H + H_-H_H + = (q-q- 1 )EF, H- + H+ = (q - l)(q EF - H+H-) 

and Hopf operations given by 

A(H+) =H + ®l + l®H + + (q-l)(H + ®H + + E®F) , e(H+) = , S(H+) = H- 
A(E) = E®l + l®E + (q-l)(H+®E + E®H-), e(E) = , ^(E 1 ) = —q~ x E 
A(F)=F®l + l®F + (q-l)(F®H + + H_®F), e(F) = , 5(F) = 

A(#_) = i7_ ® 1 + 1 ® if_ + (g - 1) (H- ® if_ + F ® F) , e(if_) = , = £T+ 

from which one easily checks that F g [5L 2 ] v — >U(sl 2 *) as co-Poisson Hopf algebras, 

for a co-Poisson Hopf algebra isomorphism 

F q [SL 2 ] w /(q - 1) FJ5L 2 ] V — ^— t/(5l 2 *) 

exists, given by: ff± mod (g — 1) 1— > ±h, F mod (g — 1) 1— > e, F mod (g — 1) 1— > f; 
that is, F (? [S , L2] V specializes to t/(s(2*) as a co-Poisson Hopf algebra, q.e.d. 

Finally, the general case of any semisimple group G = G T , with the Poisson structure 
induced from the Lie bialgebra structure of $ = g r , can be treated in a different way. 
Following [Gal], §§5-6, F g [G] can be embedded into a (topological) Hopf algebra U g ($j*) = 
U^(fl*) , so that the image of the integer form F q [G] lies into a suitable (topological) 
integer form U^^Q*) of U g (g*) . Now, the analysis given in [loc. cit], when carefully 
read, shows that F q [G] = ¥ q [G] l~l ; moreover, the latter (intersection) algebra 

"almost" coincides — it is its closure in a suitable topology — with the integer form T q [G] 
considered in [loc. cit.]: in particular, they have the same specialization at q = 1 . Since 
in addition -FJC] does specialize to U(q*), the same is true for F q [G] v , q.e.d. 

The last point to stress is that, once more, the whole analysis above is valid for p := 
Char(k) > , i.e. also for p > , which was not granted by Theorem 2.2. 
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7.8 The identity (^F q [G] w ^j = F q [G] . In this section we verify the validity of that 

part of Theorem 2.2(b) claiming that H G Q.TA =>- (H v )' = H for H = F q [G] as 
above; moreover we show that this holds for p > too. We begin with G = SL n . 

n n 

From A(pij) = Y.Pi,k®Pk,j, we get A Ar (p ij ) = £ PiM® Pkt,k 2 ® • • ■ ® Pk N - U j , 

k=l fci ,fcjv-i = l 

by repeated iteration, whence a simple computation yields 

n 

M r y) = Yl (<l- i y 1 -{( ( l- 1 ) r iM®( ( l- 1 ) r k 1 ,k 2 ®---®( ( l- 1 ) r kN~uj) V *»j 

fcl ,fcjv-l = l 

so that 

^((g - l)ry) G (g - l)"F g [SL n ] v \ (g - if +1 F,[SL n ] v 
Now, consider again the set M' ■= < Yl Pij %3 Yl (Phk — l) Nhk Yl p\ 

\_ i>j h=k l<m 

in { iVi,!, . . . , iV njn } = | : since this is an .R-basis of F q [SL n ], we have also that 



Vz,j. (7.5) 



Ira 



mm 



i>3 



h=k 



l<m 



N st eN Vs.t; min { iV^i, . . . , jV n , n } = 



is an .R-basis of F q [SL n ] v . This and (7.5) above imply that (F q [SL n ] v )' is the uni- 
tal .R-subalgebra of ¥ q [SL n ] generated by the set { (q — l)ry \ = 1, . . . ,n } ; since 

(9-1) 

Tij — Pij - $ij , the latter algebra does coincide with F q [SL n ] , as expected. 
For the general case of any semisimple group G = G T , the result can be obtained again 
by looking at the immersions ¥ q [G] C V q (g*) and F q [G\ C U qip {g*) , and at the identity 

F q [G] v = ¥ q [G] nW^(gf (cf. §7.6); if we try to compute (^(0*) V )' (noting that 

(MqlipiS*)) 1S a QrUEA), we have just to apply much the like methods as for U q (g)' , 
thus finding a similar result; then from this and the identity FqlG]^ = ¥ q [G] nW^(g*) v 

we eventually find (^F q [G] w ^' = F q [G] , q.e.d. 

We'd better point out once more that the previous analysis is valid for p := Char(k) > 
, i.e. also for p > , so the outcome is stronger than what ensured by Theorem 2.2. 

Remark : Formula (7.4) gives an explicit .R-basis M of F q [SL 2 }. By direct computation 
one sees that S n (jj) G F q [SL 2 f n \ (q - l)F q [SL 2 f n for all p G M \ {1} and n G N, 
whence F q [SL 2 }' = R1, which implies (F q [SL 2 ]') F = F(R)-1 g ¥ q [SL 2 ] (cf. the Remark 
after Corollary 4.6) and also (F q [SL 2 }') V = R ■ 1 g F g [SX 2 ] . 

7.9 Drinfeld's functors and L— operators for when g is classical. Let now 

k have characteristic zero, and let g be a finite dimensional semisimple Lie algebra over 
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k whose simple Lie subalgebra are all of classical type. It is known from [FRT2] that in 
this case U^(fl) (where the subscript P means that we are taking a "simply-connected" 
quantum group) admits an alternative presentation, in which the generators are the so- 
called L-operators, denoted tffj with e = ±1 and i, j ranging in a suitable set of indices 
(see [FRT2], §2). Now, if we consider instead the .R-subalgebra H generated by the L- 

(s) 

operators, we get at once from the very description of the relations between the l\ ■ 's given 
in [FRT2] that H is a Hopf .R-subalgebra of U^(g), and more precisely it is a QFA for 
the connected simply-connected dual Poisson group G* . 

When computing Lf v , it is generated by the elements (q — 1) ; even more, the 
elements (q — 1) ^t+i an d {q — 1) are enough to generate. Now, Theorem 12 in 

[FRT2] shows that these latter generators are simply multiples of the Chevalley generators 
of Uq (g) (in the sense of Jimbo, Drinfeld, etc.), by a coefficient ±q s (l + q~ x ) , for some 
sGZ, times a "toral" generator: this proves directly that H v is a QrUEA associated to g , 
that is the dual Lie bialgebra of G* , as prescribed by Theorem 2.2. Conversely, if we start 
from Uq(g), again Theorem 12 of [FRT2] shows that the (q — q -1 ) Hj's are quantum 
root vectors in (g). Then when computing (g) we can shorten a lot the analysis in 
§5.3, because the explicit expression of the coproduct on the L-operators given in [FRT2] 

- roughly, A is given on them by a standard "matrix coproduct" — tells us directly that 
all the (1 + ? - 1 )" 1 ^'s do belong to U?(g)\ and again by a PBW argument we conclude 
that Uq{o)' is generated by these rescaled L-operators, i.e. the (l + q~ x ) 1 /^ J - . 

Therefore, we can say in short that shifting from H to Lf v or from U^(q) to Uq(g)' 
essentially amounts — up to rescaling by irrelevant factors (in that they do not vanish at 
q = 1 ) — to switching from the presentation of U^(g) via L-operators (after [FRT2]) to 
the presentation of Serre-Chevalley type (after Drinfeld and Jimbo), and conversely. See 
also the analysis in [Ga7] for the cases g = gl n and g = sl n . 

7.10 The cases U q (gl n ) , F q [GL n ] and F q [M n ] . In [Ga2], §5.2, a certain algebra 
U q (gl n ) is considered as a quantization of gi n ; due to their strict relationship, from the 
analysis we did for the case of sl n one can easily deduce a complete description of U q (gl n )' 
and its specialization at q = 1 , and also verify that {U q (gl n )') = U q {gi n ) . 

Similarly, we can consider the unital associative i?-algebra F q [M n ] with generators 
Pij (i, j = 1,... ,n) and relations pijp ik = qpikpij, pikphk = qphkpik (for all j < k, 
i < h), pupjk = pjkpii, Pikpji ~ Pjipik = (q-q' 1 ) Pupjk (for all % < j, k < I) 

- i.e. like for SL n , but for skipping the last relation. This is the celebrated standard 
quantization of F[M n ], the function algebra of the variety M n of (n x n)-matrices over 
k: it is a k-bialgebra, whose structure is given by formulas A(pij) = Pik <8> Pkj , 
e(pij) = Sij (for all i, j = 1, . . . ,n) again, but it is not a Hopf algebra. The quantum 
determinant det q (pij) := E (Je s„ (-<?/ (<t) Pi,«t(i) P2,a(2) • • • Pn,a(n) is central in F q [M n ], so 
by standard theory we can extend F q [M n ] by adding a formal inverse to det q (pij) , thus 
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getting a larger algebra F q [GL n ] := F q [M n ][det q (pij) X ] : this is now a Hopf algebra, 
with antipode S(pij) = (—q) 1 J det q (^Phk)hfj*j (for all i, j = 1, . . . , n), the well-known 
standard quantization of F[GL n ], due to Manin (see [Ma]). 

Applying Drinfeld's functor ( ) v w.r.t. H := (q — 1) at F q [GL n ] we can repeat stepwise 
the analysis made for F q [SL n }: then we have that F q [GL n ] v is generated by the r^-'s and 
(q — (det q {pij) — l) , the sole real difference being the lack of the relation det q (pij) = 1 , 
which implies one relation less among the r^-'s inside F q [GL n ] v , hence also one relation 
less among their cosets modulo (q — 1). The outcome is pretty similar, in particular 
F q [GL n ] v = U(qI*) (cf. [Ga2], §6.2). Even more, we can do the same with F q [M n ] : 

q=l 

things are even easier, because we have only the r^'s alone which generate F q [M n ] , with 
no relation coming from the relation det q (pij) = 1; nevertheless at q = 1 the relations 

, whence 

q = l 



among the cosets of the r^'s are exactly the same as in the case of F q [GL 



l v 



we get F q [M n ] = U(gi*) . In particular, we get that F q [M n ] is a Hopf algebra, 
q =i " ' -/ : 

although both F q [M n ] and F q [M n ] are only bialgebras, not Hopf algebras: so this gives 
a non-trivial explicit example of what claimed in the first part of Theorem 3. 7. 

Finally, an analysis of the relationship between Drinfeld functors and L-operators about 
U^(gl n ) can be done again, exactly like in §7.9, leading to entirely similar results. 



§ 8 Third example: quantum three-dimensional Euclidean group 

8.1 The classical setting. Let k be any field of characteristic p > 0. Let G := 
i?2(k) = E2 , the three-dimensional Euclidean group; its tangent Lie algebra g = z<i is 
generated by /, h, e with relations [h, e] = 2e, [h, f] = —2f, [e, /] = . The formulas 
8(f) = h<S> f — f <8>h , 5(h) = , 5(e) = /i®e — e<g>h , make Z2 into a Lie bialgebra, hence 
E2 into a Poisson group. These also give a presentation of the co-Poisson Hopf algebra 
11(^2) (with standard Hopf structure). If p > , we consider on z 2 the p-operation given 
by e [ p l =0, =0, = h. 

On the other hand, the function algebra F[E 2 ] is the unital associative commutative 
k-algebra with generators 6, a ±x , c, with Poisson Hopf algebra structure given by 

A(6) = 60 a" 1 +a®6, A(a ±1 ) = a ±1 (g> a ±1 , A(c) = c <g> a + a" 1 ® c 

e(b) = 0, e(a ±1 ) = l, e(c) = , S(b) = -6, S(a ±1 ) = a Tl , S(c) = -c 

{a ±1 ,6} = ±a ±1 6, {a ±1 , c} = ±a ±1 c , {6, c} = 

We can realize E 2 as E 2 = { (6, a, c) | 6, c G k, a E k \ {0} } , with group operation 

(61, a 1 , ci) • (6 2 , 02, c 2 ) = (M^ 1 + ai6 2 , aia 2 , c x a 2 + a^ 1 c 2 ) ; 
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in particular the centre of E 2 is simply Z : = {(0, 1, 0), (0, — 1, 0)} , so there is only one 
other connected Poisson group having t 2 as Lie bialgebra, namely the adjoint group a E 2 := 
E 2 j 1 Z (the left subscript a stands for "adjoint"). Then F[ a E 2 ] coincides with the Poisson 
Hopf subalgebra of F[ a E 2 ] spanned by products of an even number of generators, i.e. 
monomials of even degree: as a unital subalgebra, this is generated by 6a, a ±2 , and a~ 1 c. 

The dual Lie bialgebra g* = t 2 * is the Lie algebra with generators f, h, e , and relations 
[h, e] = 2e, [h, f] = 2f, [e, f] = 0, with Lie cobracket given by 5(f) = f ® h — h <g> f , 
5(h) = 0, 5(e) = h£g>e — e®h (we choose as generators f := /* , h := 2h* , e := e* , where 
{/*,/i*,e*} is the basis of e 2 * which is the dual of the basis {/, h, e} of e 2 ). If p > , 
the p-operation of t 2 * is given by e^ =0, =0, h[ p l = h. All this again gives a 
presentation of U (t 2 ) too. The simply connected algebraic Poisson group with tangent 
Lie bialgebra t 2 can be realized as the group of pairs of matrices 




> E 2 := \ 11 ,, .Mn .-I 



\ f Z X 

z r U 



x,y E k, z Ek\{0} 



this group has centre Z := {(/,/), (— i", — /)} , so there is only one other (Poisson) group 
with Lie (bi)algebra e 2 * , namely the adjoint group a E 2 := S E 2 j Z . 

Therefore F[ s i?2*] is the unital associative commutative k-algebra with generators x, 
z ±x , y, with Poisson Hopf structure given by 

A(x) = x <g> z~ x + z <g> x , A{z ±x ) = z ±x ® z ±l , A(y) = y <g> z~ x + z ®y 

e(x) = 0, e(z ±1 )=l, e(y) = 0, S(x) = -x , S(z ±l ) = z* 1 , S(y) = -y 

{x,y} = 0, {z ±x ,x} = ±z ±x x, {z ±1 ,y} = Tz ±1 y 

(N.B.: with respect to this presentation, we have f = d y \ , h = z d z \ e , e = 9 x | e , where 
e is the identity element of S E 2 ). Moreover, F[ a i?2*] can be identified with the Poisson 
Hopf subalgebra of F^E^*] spanned by products of an even number of generators, i.e. 
monomials of even degree: this is generated, as a unital subalgebra, by xz, z ±2 , and z~ x y. 

8.2 The QrUEAs XJ s q (z 2 ) and U^(t 2 ) . We turn now to quantizations: the situation 
is much similar to the s \ 2 case, so we follow the same pattern, but we stress a bit more the 
occurrence of different groups sharing the same tangent Lie bialgebra. 

Let R be a domain and let h G R \ {0} and q := h + 1 G R be like in §7.2. 

Let Ug(g) = Uq(z 2 ) (where the superscript s stands for "simply connected") be the 
associative unital F(i?)-algebra with generators F, L ±x , E, and relations 

LL~ X = \ = L~ 1 L 1 L ±1 F = g Tl FL ±:L , L ±l E = g ±1 £'L ±1 , EF = FE . 
This is a Hopf algebra, with Hopf structure given by 

A(F) = F® L~ 2 + 1 <g> F, A(L ±1 ) = L ±x <g> L ±1 , A(E) = E ® 1 + L 2 ® E 
e(F)=0, e(L ±1 )=l, e(E) = , S(F) = -FL 2 , 5'(L ±1 ) = L Tl , S(E) = -L~ 2 E. 



THE GLOBAL QUANTUM DUALITY PRINCIPLE: THEORY, EXAMPLES, APPLICATIONS 77 

L^-l 



Then let Uq{t 2 ) be the .R-subalgebra of U*(c2) generated by F, D± := ^ 

E. From the definition of W q {z 2 ) one gets a presentation of U q {t 2 ) as the associative 
unital algebra with generators F, D±, E and relations 

D+E = qED++E, FD+ = qD+F + F , ED- = qD-E + E , D-F = qFD- + F 
EF = FE , D + D_=D_D + , D + + L>_ + (q - 1)D + D_ = 

with a Hopf structure given by 

A(E) = E®l + l®E + 2(q- 1)D+ ® E + {q - l) 2 ■ D\ ® E 

A(D±) = D± ® 1 + 1 <g> D± + (q - 1) • D± ® D± 

A(F) = F <g> 1 + 1 <g> F + 2(g - 1)F <g> £>_ + (g - l) 2 • F <g> D 2 _ 

e(E) = , S(E) = —E — 2(q - 1)D_E - (q - 1) 2 D 2 _E 

e(D±) = 0, S(D ± )=D T 
e(F) = , S(F) = —F — 2(q - 1)FD+ - (q - 1) 2 FD\ . 

The "adjoint version" of U*(e2) is the unital subalgebra Vq{z 2 ) generated by F, K ±l := 
L ±2 , E, which is clearly a Hopf subalgebra. It also has an i?-integer form U q (z 2 ), the 

K ±x - 1 

unital .R-subalgebra generated by F, H± := , E : this has relations 

q-1 

EF = FE, H+E = q 2 EH+ + (q + 1)E , FH+ = q 2 H+F + (q + 1)F , H+H_ = H_H+ 
EH- = q 2 H-E + (q + 1)E , H-F = q 2 FH- + (q + 1)F , H + + H_ + (q- 1)H+H- = 

and it is a Hopf subalgebra, with Hopf operations given by 

A(E) = E®l + l®E+(q-l)-H+®E, e{E) = , S{E) = -E - (q - 1)H-E 
A{H±) = H±®l + l®H± + {q-l)-H±®H±, e{H±) = , S(H±) = H T 
A(F) = F®l + l®F + (q — 1)-F® H_ , e{F) = , S{F) = -F - {q - 1)FH+ . 

It is easy to check that U q {t 2 ) is a QrUEA, whose semiclassical limit is U{t 2 ) : in fact, 
mapping the generators F mod {q — 1), D± mod {q — 1), E mod (q — l) respectively to 
/, ±h/2, e G U{t 2 ) gives an isomorphism U q {t 2 ) j {q — l) U*{t 2 ) ^^U{t 2 ) of co-Poisson 
Hopf algebras. Similarly, U q (t 2 ) is a QrUEA too, with semiclassical limit U(t 2 ) again: 
here a co-Poisson Hopf algebra isomorphism {t 2 ) / {q — 1) U% {t 2 ) = U{t 2 ) is given 
mapping F mod {q—l), H± mod {q—l), E mod {q—l) respectively to /, ±h, e G U{t 2 ) . 

8.3 Computation of U q {t 2 )' and specialization U q (e 2 ) ' — ^— - -> F [E 2 *] . This sec- 
tion is devoted to compute Uq{t 2 ) and U q {c 2 ) , and their specialization at q = 1 : ev- 
erything goes on as in §7.3, so we can be more sketchy. From definitions we have, for 
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any n G N , A n (E) = ££ =1 K^ s ~^ <g> £ <g> i®(n--) j so £ n (£) = (JT - l)®^" 1 ) ® E = 
{q-lf- 1 -Hf 71 ^ whence - G (g - l) n Ufa) \ (q - l) n+1 Ufa) 

thus (g - 1)£ G Ufa)\ whereas i? £ Ufa)'. Similarly, we have (q - 1)F, (q - 1)H± G 
Uq(t 2 )' \ (q — l)U q (c 2 )' . Therefore U q (c 2 ) contains the subalgebra U' generated by 
F := (q- 1)F, H± := (q - 1)H±, E := (q - 1)E . On the other hand, U%(c 2 )' is 

clearly the .R-span of the set j F a H\H c _E d a, b, c, d G N j : to be precise, the set 

^F a H\K-^/^E d a,b,deN} = {F a H b + (l + (q-l)H_) [b/2] E d a, 6, d G N } 

is an .R-basis of U q (t 2 ) ; therefore, a straightforward computation shows that any element 
in U q (t 2 )' does necessarily lie in U' , thus U q (t 2 )' coincides with {/' . Moreover, since 
_£T± = i^ 1 — 1 , the unital algebra U q (t 2 ) is generated by F, K^ 1 and E as well. 

The previous analysis — mutatis mutandis — ensures also that U q {t 2 ) coincides with 
the unital .R-subalgebra U" of U*(e 2 ) generated by F := (q — 1)F, D± := (q — 1)D±, 
E := (q — 1)E; in particular, U q (t 2 )' D U q (t 2 )' . Moreover, as D± = L ±x — 1 , the unital 
algebra U q (t 2 )' is generated by F, L ±x and E as well. Thus U q (e 2 )' is the unital associative 
.R-algebra with generators T := LF, C ±x := L ±x , £ := EL -1 and relations 

CC~ l = 1 = £~ 1 £, £T = T£, C ±l F = q^TC^ 1 , C ±x £ = q ±l £C ±l 

with Hopf structure given by 

A(jF) = T®C~ X + C®T, A(£ ±1 ) =£ ±1 ®£ ±1 , A{£) = £ <g> C' 1 + £ <g> £ 
e(F) = 0, e(£ ±1 )=l, e(£) = 0, S(F) = -T , S(C ±1 )=C^\ S{£) = -£ . 

As q — > 1 , this yields a presentation of the function algebra F [ S E 2 ~\ , and the Poisson 
bracket that F [ S E 2 ] earns from this quantization process coincides with the one coming 
from the Poisson structure on S E 2 : namely, there is a Poisson Hopf algebra isomorphism 

Ufa)'/(q - 1) Ufa)' -^F[ S E 2 *] 

given by £ mod (q — 1) h- > x , £ ±:L mod (g — 1) i— > z ±:L , JF mod (q — 1) h- > j/ . That is, 
U q (t 2 )' specializes to F[ S S 2 *] as a Poisson Hopf algebra, as predicted by Theorem 2.2. 

In the "adjoint case", from the definition of U' and from U q (z 2 )' = U' we find that 
U q (t 2 )' is the unital associative -R-algebra with generators F, K ±x , E and relations 

KK~ l = 1 = K~ X K , EF = FE , K^F = q^ 2 FK ±l , = q ±2 EK ±l 

with Hopf structure given by 

A(F) = F® K~ x + 1 <g> F, A(K ±1 ) = K ±1 ® K ±1 , A(E) = E(g)l + K (g) E 
e(F) = , e{K ±l ) = 1 , e(£?) = , S(F) = -FK , S^ 1 ) = S(E) = -K~ l E . 



THE GLOBAL QUANTUM DUALITY PRINCIPLE: THEORY, EXAMPLES, APPLICATIONS 79 



The conclusion is that a Poisson Hopf algebra isomorphism 

U«(t 2 )'/(q-l)U«(c 2 y-^F[ a E 2 *] ( C F[ S E 2 *]) 

exists, given by E mod (q — 1) i— > xz , K ±x mod (q — 1) i— > z ±2 , F mod (g — 1) i— > , 
i.e. U q (t 2 )' specializes to F[ a E 2 *~\ as a Poisson Hopf algebra, according to Theorem 2.2. 
To finish with, note that all this analysis (and its outcome) is entirely characteristic-free. 

8.4 The identity (U q (t 2 )'Y = U q (t 2 ) . The goal of this section is to check that part 
of Theorem 2.2(b) claiming that H G QrUSA =>- (H'f = H both for H = U s q (z 2 ) and 
H = U q {t 2 ) . In addition, the proof below will work for Char(k) = and Char(k) > 
too, thus giving a stronger result than predicted by Theorem 2.2(b). 

First, U q (t 2 )' is clearly a free -R-module, with basis j T a L d E c a,c G N, d G Z j , 

hence the set B := j J ra (C ±l — l) b £ c a, b, c G N j , is an .R-basis as well. Second, as 

e(J r ) = e(C ±l - 1) = e{£) = , the ideal J := Ker(e: C/ g s (e 2 )' — ► is the span of 

1 \ {1}. Now I := Ker^ s (e 2 ) , -^ J R^^k) = J + (q - 1) • t/ g s (c 2 )', therefore 

(^|(^2) ) := En>o ( — 1) ^) i s generated — as a unital i?-subalgebra of V q (t 2 ) - 
by (q-l)- 1 F = LF, (q - 1)-\C - 1) = D+, (q - l)" 1 (ZT 1 - l) = D_, ( ? - 1)"^ = 
EL -1 , hence by F, D±, E, so it coincides with U q (c 2 ), q.e.d. 

The situation is entirely similar for the adjoint case: one simply has to change T , C ±x , 
8 respectively with F, K ±x , E, and D± with H±, then everything goes through as above. 

8.5 The quantum hyperalgebra Hyp q (c 2 ). Like for semisimple groups, we can 
define "quantum hyperalgebras" attached to t 2 mimicking what done in §7.5. Namely, 
we can first define a Hopf subalgebra of U^(e2) over Z[(/,(/ -1 ] whose specialization at 
q = 1 is exactly the Kostant-like Z-integer form Uz(t 2 ) of U(t 2 ) (generated by divided 
powers, and giving the hyperalgebra Hyp(c 2 ) over any field k by scalar extension, namely 
Hyp(t 2 ) = k <g>z Uz(t 2 ) ), and then take its scalar extension over R. 

To be precise, let Hyp s q ' I '(c 2 ) be the unital Z[q, -subalgebra of U q {t 2 ) (defined like 
above but over Z[(/,(/ -1 ]) generated by the "quantum divided powers" F (n ) := F n j [n] q l , 

n ° ) := II ~ ; i" - ' E(n) := EU / ^ n \ ] ( for all n G N and c G Z , with notation 

of §7.5) and by L _1 . Comparing with the case of sl 2 one easily sees that this is a Hopf sub- 
algebra of U'(e 2 ), and Hyp«' z (e 2 )| = U z (t 2 ) ; thus Hyp s q (t 2 ) := R®z [q , q -^Hypf{t 2 ) 

(for any R like in §8.2, with k := RjhR and p := Char(k) ) specializes at q = 1 to the 
k-hyperalgebra Hyp(e 2 ). In addition, among all the ^ L ^ c j's it is enough to take only 
those with c = . From now on we assume p > . 
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Again a strict comparison with the si 2 case — with some shortcuts, since the defin- 
ing relations of Hyp q (c 2 ) are simpler! - shows us that Hyp s q (t2)' is the unital R- 
subalgebra of Hyp s q (t2) generated by L -1 and the "rescaled quantum divided powers" 
, (q-l) n ( L ^ and (q-l) n E^ for all ti£N. It follows that Hyp s q (t 2 )' 

is generated by the corresponding specializations of (q — l) p F^ p \ (q — l) p an d 
(q — l) p E ( - p7 " ) for all r G N: this proves that the spectrum of Hyp s (c 2 )' has dimen- 

q=l 

sion and height 1, and its cotangent Lie algebra has basis | (q — l) p F^ pr \ (q — l) p ^ L J r °^j, 
(q — l) p E( p ) mod (q — 1) Hyp q (g)' mod J 2 r G N j (where J is the augmentation 
ideal of Hyp s (c 2 )' , so that J J 2 is the aforementioned cotangent Lie bialgebra). 

q = l I 

Moreover, {Hyp s q (t 2 )') W is generated by (q - lf^F^) , (q - l)^" 1 ( L ^ ) , L~ x and 
(q-\) pr ~ X E^ r ) (for all r G N): in particular (flyp*(e 2 )') V g Hyp*(e 2 ), and finally 
(-Hypg(e 2 )') V is generated by the cosets modulo (q — 1) of the elements above, which 

q = l 

in fact form a basis of the restricted Lie bialgebra t such that (flyp*^)') = u(t) . 

q=l 

All this analysis was made starting from V q (t2), which gave "simply connected quantum 
objects". If we start instead from U^(e 2 ), we get "adjoint quantum objects" following the 
same pattern but for replacing everywhere L^ 1 by K^ 1 : apart from these changes, the 
analysis and its outcome will be exactly the same. Like for sl 2 (cf. §7.5), all the adjoint 
quantum objects — i.e. Hyp q (t 2 ), Hyp q (c 2 )' and (Hyp q (e 2 )') W — will be strictly contained 
in the corresponding simply connected quantum objects; nevertheless, the semiclassical 
limits will be the same in the case of Hyp (t 2 ) (always yielding Hyp(c 2 ) ) and in the case 
of (.Hyp q (c 2 )'Y (giving u(t), in both cases), while the semiclassical limit of Hyp q (t 2 )' in 
the simply connected case will be a (countable) covering of that in the adjoint case. 

8.6 The QFAs F q [E 2 ] and F q [ a E 2 ] . In this and the following sections we look at 
Theorem 2.2 starting from QFAs, to get QrUEAs out of them. 

We begin by introducing a QFA for the Euclidean groups E 2 and a E 2 . Let F q [E 2 ] be 
the unital associative .R-algebra with generators a 1 * 11 , b, c and relations 

ab = gba, ac = gca, bc = cb 

endowed with the Hopf algebra structure given by 

A(a ±1 ) = a ±1 ® a ±:L , A(b) = b ® a" 1 + a <g> b , A(c) = c <g> a + a" 1 <g> c 
e(a ±1 )=l, e(b) = 0, e(c) = , 5(a ±1 )=a Tl , S(b) = -g _1 b, S(c) = -q +1 c. 

Define F q [ a E 2 ] as the -R-submodule of F q [E 2 ] spanned by the products of an even 
number of generators, i.e. monomials of even degree in a ±:L , b, c : this is a unital subalgebra 
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of F q [E 2 ], generated by 8 := ba, a^ 1 := a ±2 , and 7 := a _1 c. Let also F g [F 2 ] := 
{F q [E 2 \) F and F 9 [ a F 2 ] := (F q [ a E 2 ]) F , which have the same presentation than F q [E2] 
and F q [ a E 2 ] but over F(R). Essentially by definition, both F q [E 2 ] and F q [ a E 2 ] are QFAs 
(at h = q — 1 ), whose semiclassical limit is F[E 2 ] and F[ a E 2 ] respectively. 

8.7 Computation of F q [E 2 ] w and F q [ a E 2 ] w and specializations F g [F 2 ] v > U(g*) 
and F g [ a F 2 ] v — - — — > C/(g*) . In this section we go and compute F q [G] v and its semiclassical 
limit (i.e. its specialization at q = 1 ) for both G = E 2 and G = a E 2 . 

First, F q [E 2 ] is free over F, with basis | b 6 a a c c a G Z, 6, c G N j , so the set M s := 

I b 6 (a ±1 — l) a c c a, 6, c G N I is an F-basis as well. Second, since e(b) = e(a ±:L — l) = 
e(c) = 0, the ideal J := Ker(e: F q [E 2 ] ► Rj is the span of B s \ {1}. Now I := 

Ker(F q [E 2 ]-^R^^>k) = J+(q-l)-F q [E 2 ] , thus F ? [£ 2 ] v := E„> 

turns out to be the unital F-algebra (subalgebra of F g [F 2 ]) with generators D± := 

a ±1 - 1 „ b , „ c 

, E := , and F := and relations 

q-1 q-1 q-1 

D + E = qED + + E, D + F = qFD + + F , ED_ = qD_E + E , FD_ = qD_F + F 

EF = FE , D + D_=D_D + , D + + F>_ + (q - 1)D + D_ = 

with a Hopf structure given by 

A(E)=E®l + l(g)E + (q-l)(E(g)D_+D + (g)E), e(E) = , S(E) = -q~ 1 E 

A(D±) = D±®l + l®D± + (q-l)-D±®D±, e(D±) = , S(D±) = 

A(F) =F®l + l®F + (q-l)(F®D + + D-®F), e(F) = , S(F) = -g +1 F . 

This implies that F 9 [F 2 ] V — ► ^(e 2 *) as co-Poisson Hopf algebras, for a co-Poisson Hopf 

algebra isomorphism 

F q [E 2 ] w /(q - 1) F q [E 2 ] y — ^ £/(e 2 *) 

exists, given by D± mod (q — 1) 1— > ±h/2 , F mod (g — 1) 1— > e, F mod (g — 1) 1— > f ; 
thus F (? [F 2 ] V does specialize to U(z 2 ) as a co-Poisson Hopf algebra, q.e.d. 

Similarly, if we consider F (? [ a F 2 ] the same analysis works again. In fact, F q [ a E 2 ] is 
free over F, with basis B a := | /3 6 (a ±1 — l) a 7 c a, 6, c G N j ; therefore, as above the 

ideal J := Ker : Fj a F 2 ] — > F^ is the span of B a \ {1}. Now, we have I := 

Ker(F q [ a E 2 ]—^>R-^k) = J+(q-l)-F q [ a E 2 ] , so F q [ a E 2 ] w := £ n > ((g-l)" 1 /)" 

is nothing but the unital F-algebra (subalgebra of F 9 [ a F 2 ] ) with generators H± := 

a ±1 - 1 8 7 

, E' := , and F' := and relations 

q-1 q-1 q-1 

E'F' = q- 2 F'E\ H + E' = q 2 E'H + + (q + l)E', H+F' = q 2 F'H + + (q + l)F', H + H_=H-H + 

E'H_ = q 2 H_E' + (q + 1)E\ F'H_ = q 2 H_F' + (q + 1)F\ H + + H_ + (q- 1)H + H_ = 
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with a Hopf structure given by 



A(E') = E'®l + l®E' + (q-l)-H+®E' , e(E') = , S(E') = —E' — (q — l)H-E' 

A(H±) = H±®l + l®H± + (q-l)-H±®H±, e(H±) = , S(H±) = H T 
A(F') = F'®l + l®F' + (q-l)-H_®F' , e(F') = , S(F') = —F' — (q — l)H + F'. 

This implies that F q [ a E 2 ] v q ^ > Z7(e 2 *) as co-Poisson Hopf algebras, for a co-Poisson 
Hopf algebra isomorphism 

F,[ a E 2 ] v /(g - 1) F q [ a E 2 ] v — ^ £/(e 2 *) 

is given by if± mod (q — 1) h- > ±h, £" mod (g — 1) i— > e, F' mod (q — 1) h- > f; so 
-F?[a-E'2] V too specializes to £7(e 2 *) as a co-Poisson Hopf algebra, as expected. 

We finish noting that, once more, this analysis (and its outcome) is characteristic-free. 

8.8 The identities (F q [E 2 ] v )' = F q [E 2 ] and (F q [ a E 2 ] w )' = F q [ a E 2 ] . In this section 
we verify for the QFAs H = F q [E 2 ] and H = F q [ a E 2 ] the validity of the part of Theorem 
2.2(b) claiming that H e QTA =>- = H . Once more, our arguments will prove 

this result for Char(k) > 0, thus going beyond what forecasted by Theorem 2.2. 

By induction we find formulas A n (E) = E r+s+ i=n a ® r ® E ® (a -1 )®", A n (D±) = 
Er+s+i=n {& ±1 f r ®D±®l® s , and A n (F) = E r+s+ i =n (a -1 )^ ®E® a® s : these imply 

<*„(£)= E (a-lf r ®£® (a" 1 -!)®^^-!)"- 1 E -D+® r ® E ® D-® s 

r+s+l=n r+s+l=n 

(5 B (D±) = (a* 1 - lf (n - 1} ®D ± = (q- l)^ D± ® n 
S n (F)= E {a- 1 -lf r ®E®(a-lf s = (q~l) n - 1 E -D-® 7 " ® E ® D + ® s 

r+s+l=n r+s+l=n 

which gives E := (q — 1)E, D± := (q - 1)D±, F := (q - 1)F G (F q [E 2 ] w )' \ (q - 1)- 
■(F q [E 2 ] y ) . So (F q [E 2 ] v ) contains the unital .R-subalgebra A' generated (inside ¥ q [E 2 ] ) 
by E, D± and F ; but i? = b, _D± = a^ 1 — 1, and F = c, thus A' is just i^f-E^]- Since 
i^fE^ is the .R-span of | E e D d ^ F) d S F^ e, d + , gL, / e N j , one easily sees — using the 

previous formulas for A n — that in fact (F q [E 2 ] v y = A' = F q [E 2 ] , q.e.d. 

When dealing with the adjoint case, the previous arguments go through again: in 
fact, (F q [ a E 2 ] y ^ turns out to coincide with the unital i?-subalgebra A" generated (inside 
¥ q [ a E 2 ] ) by E> := (q - 1)E' = (3 , H± := (q - 1)H± = a ±x - 1 , and F> := (q - 1)F' = 7 ; 
but this is also generated by /?, a ±1 and 7, thus it coincides with F q [ a E 2 ], q.e.d. 
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§ 9 Fourth example: quantum Heisenberg group 

9.1 The classical setting. Let k be any field of characteristic p > 0. Let G := 
H n (k) = H n , the (2n + l)-dimensional Heisenberg group; its tangent Lie algebra g = h n 
is generated by {fi,h,ei\i=l,...,n} with relations [e*, fa] = Sijh, [e*, ej] = [fa, fj] = 
[h, a] = [h, fj] = (Vi, j = 1, . . . n). The formulas 6(fi) = h® fa- fa®h, 6(h) = , 
S(ei) — h®ei — ei® h (V i = 1, . . . n ) make \) n into a Lie bialgebra, which yields H n with a 
structure of Poisson group; these same formulas give also a presentation of the co-Poisson 
Hopf algebra U(t) n ) (with the standard Hopf structure). When p > we consider on f) n 
the p-operation uniquely defined by e\ p ^ = , f} = , h\ p ^ = h (for all % = 1, . . . , n), 
which makes it into a restricted Lie bialgebra. The group H n is usually realized as the 
group of all square matrices (ciij) i n+2 . such that an = lWi and = such 
that either i > j or 1 ^ i < j or i < j ^ n + 2 ; it can also be realized as H n = k n xkxk" 
with group operation given by (a', c' , &') • (a", c", 6") = (a' + a", c' + c" + a' * b" , 6' + 6") , 
where we use vector notation v = (i>i,...,u n ) £ & n and a' * b" := ^^=1 is the 
standard scalar product in k n ; in particular the identity of H n is e = (0, 0, 0) and the 
inverse of a generic element is given by (a, c, 6) = (—a , — c + a * 6 ,— b) . Therefore, the 
function algebra -F[-ff n ] is the unital associative commutative k-algebra with generators 
a±, . . . , a n , c, bi, . . . , 6 n , and with Poisson Hopf algebra structure given by 

A(ai) = ai (8) 1 + 1 (8) a< , A(c) = c®l + l®c + ELi a ^ ® ^ > A ( & = &i ® 1 + 1 ® &» 
e(aj) = 0, e(c)=0, e(6i) = 0, 5 , (a i ) = -a i , 5(c) = -c + X7=i a <^ > S(bi) = -bi 
{ai,aj} = 0, {a,i,bj} = 0, {6,,6 J } = 0, {c,aj = a;, { c ,6 i } = 6 i 

for all z,j = l,...,n. (N.B.: with respect to this presentation, we have fa = , 
h = d c \ , e% = d ai \ e , where e is the identity element of H n ). The dual Lie bialgebra 
g* = f) n * is the Lie algebra with generators fj, h, e^ , and relations [h, e$] = e^, [h, fj] = fj, 
[ei,e_j] = [ej,fj] = [fj,fj] = 0, with Lie cobracket given by 8(ii) = 0, 5(h) = X]j=i( e j ® 
fj — fj ® ej), 5(ej) = for all i = 1, . . . , n (we take fj := /* , h := /i* , ej := e* , where 
{ /*, h*, e* | z = 1, . . . , n } is the basis of b n * which is the dual of the basis { fa, h,ei\i = 
l,...,n} of f) n ). This again gives a presentation of U(t) n *) too. If p > then f) n * is 
a restricted Lie bialgebra with respect to the p-operation given by e\ v ^ = 0, f^ = 0, 
hl p l = h (for all i = 1, . . . , n ). The simply connected algebraic Poisson group with tangent 
Lie bialgebra f) n * can be realized (with k* := k \ {0} ) as s H n * =k"xk*xl n , with 
group operation (a, 7,/?) • (a, 7, /3) = (7a + 7 _1 a, 77, 7/3 + 7 _1 /3 ) ; so the identity of 
s Hn is e = (0, 1,0) and the inverse is given by (a, 7, /3) = ( — a, 7 _1 , — /3). Its centre 
is Z( s H n *) = {(0, 1,0), (0, —1,0)} =: Z , so there is only one other (Poisson) group with 
tangent Lie bialgebra f) n * , that is the adjoint group a Hn '■= s H n * j Z . 

It is clear that F [ s H n *] is the unital associative commutative k-algebra with generators 
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«i, . . . , a n , 7 ±x , Pi, . . . , P n , and with Poisson Hopf algebra structure given by 

A(ai) =a l ®7 + 7" 1 ®« l , A(7 ±1 ) =7 ±1 ®7 ±1 , A(A) = A ® 7 + 7 _1 ® A 
e(ai) = 0, e( 7 ±1 )=l, e(A) = 0, S{a i ) = -a i , S( 1 ±1 )= 1 *\ 5(A) = -A 

{a»,aj} = = = {a;, 7} = {A, 7} = 0, = S tj (<y 2 - 7~ 2 )/2 

for all z,j = l,...,n (N.B.: with respect to this presentation, we have fj = dp t \ , 
h = -j 7<9 7 | e , ej = <9 Qi | e , where e is the identity element of s H n * ), and F[ a F n *] can be 
identified — as in the case of the Euclidean group — with the Poisson Hopf subalgebra of 
F[ a F n *] which is spanned by products of an even number of generators: this is generated, 
as a unital subalgebra, by 0^7, 7 , and 7 _1 A (i = l,...,n). 

9.2 The QrUEAs £/^(f) n ) and U q (t) n ) . We switch now to quantizations. Once 
again, let R be a domain and let h G F \ {0} and q := 1 + h G R be like in §7.2. 

Let Uq(fl) = Ug(f) n ) be the unital associative F(F)-algebra with generators Fj, L ±x , 
Ei (i = 1, . . . , n ) and relations 

r 2 _ t-2 

LL' 1 = 1 = L~ X L , L ±X F = FL ±1 , L ±X E = EL ±X , E l F 1 - F.E, = 5 in — 

q — q~ L 

for all i, j = 1, . . . , n ; we give it a structure of Hopf algebra, by setting (V i, j = 1, . . . , n ) 

A(Ei) = Ei ® I + L 2 ® Ei , A(L ±1 ) = L ±1 <g> L ±1 , A(F) = F <g> L" 2 + 1 <g> F 
e(F i ) = , e{L ±l ) = 1 , e(F i ) = , 5(F,) = -L" 2 F,, 5(1^) = L Tl , 5(F) = -F,L 2 

Note that j [T?=i L2 nr=i ^ G Z, a,, ^ G N, Vz } is an F(F)-basis of U*(f) n ). 
Now, let ?7g(h n ) be the unital F-subalgebra of W q {\) n ) generated by Fl, F n , 
L — 1 L — L~ 2 

F := , F := — , Ei, . . . , F n . Then U?(l) n ) can be presented as the associa- 
te — 1 q — q 

tive unital algebra with generators F l5 . . . , F n , L ±:L , F, F, F l5 . . . , E n and relations 

dx = xd, l ±x x = xl ±x , rx = XT , E % F 3 - F J E l = s tJ r 

L = l + (q-l)D, L 2 -L~ 2 =(q-q- 1 )r, D(L + 1) (l + L~ 2 ) = (l + q'^T 

for all X G {Fj, L ±x ,D, F, Fj} ._ and z,j = 1, . . . , n ; furthermore, L/f (f) n ) is a Hopf 
subalgebra (over F), with 

A(r) =r®L 2 + L~ 2 ®r, e(r) = o, s{r) = -r 

A(D) = D<g>l + L<g>D, e(D) = 0, 5(F) = -L" 1 F. 

Moreover, from relations L = 1 + (g — 1)F and L _1 = L 3 — (g — q i_1 )LF it follows that 

a,i,b,c,di G N, Vz = 1, . . . ,ra > (9.1) 



n n 

t/ s ([) n ) = F-spanof <j ftF? • • ft 



i=i i=i 
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The "adjoint version" of U*(f) n ) is the unital subalgebra Ug(f) n ) generated by Fi, K ±x := 
L ±2 , Ei (i = 1, . . . ,n), which is clearly a Hopf subalgebra. It also has an .R-integer form 

Uq(t) n ), namely the unital .R-subalgebra generated by Fi , . . . , F n , K ±x , H := — 



q 

K — K~ x 



1 



r := — , Ei, . . . , E n : this has relations 



q-q- 

HX = XH , K ±X X = XK ±l , rX = XT, EiFj - FjEi = 5 lJ T 



K = l + (q-l)H, K-K~ l = {q-q- 1 )r, H (l + K~ l ) = (l + q~ l )r 

for all X G {Fi, K ±x , H, r, EA . and i,j = 1, . . . , n , and Hopf operations given by 

A(£?0 = Ei <g> 1 + K ® £?i , e(£?i) = , S(Ei) = —K~ x Ei 

A(K± X ) = ® K ±x , e(K^) = 1 , S^ 1 ) = K* 1 

A(H) = H (8)1 + K ®H , e(H) = 0, S(H) = -K~ 1 H 

A(r) = r®K~ 1 + K®r, e(r) = o, s{r) = -r 

A(Ft) = F l ®K~ 1 + l®F l , e(Fi) = , = 

for all i = l,...,n. One can easily check that Uq(f) n ) is a QrUEA, with £7(f) n ) as 
semiclassical limit: in fact, mapping the generators Fi mod (g — 1), L ±:L mod (g — 1), 
.D mod (q — 1) , -T mod (g — 1) , ^ mod (g — 1) respectively to fi, 1, /i/2, h, ei G 
?7(f)n) yields a co-Poisson Hopf algebra isomorphism between Uq(l) n ) / (q — 1) Uq(t) n ) and 
£/"(f) n ). Similarly, Uq(l) n ) is a QrUEA too, again with limit ?7(f) n ) , for a co-Poisson Hopf 
algebra isomorphism between (f) n ) /(q — 1) Uq(l) n ) and ?7(f) n ) is given by mapping 
the generators Fi mod (g — 1), K ±x mod (g — 1), H mod (g — 1), r mod (g — 1), £?j 
mod (g — 1) respectively to fi, 1, h, h, ei G U(t) n ). 

9.3 Computation of U q (l) n )' and specialization U q (l) n )' 9 ~ >1 > F[H n *] . Here we 
compute Uq(\) n )' and Uq(t) n )', and their semiclassical limits, along the pattern of §7.3. 

Definitions give, for any n G N, A n (Ei) = ££ =1 (L 2 )® (s_1) <g> <g> 1®(™" S ), hence 
8 n (Ei) = (q - l)"" 1 ■ ® ^ so 5 n ((g- 1)£) G (g — l) n ^(f) n ) \ (g - l) n+1 C^(& n ) 

whence := (g — 1) E t G C/*(f) n )', whereas ^ t/*(^ n )'; similarly, we have Fi := 
(g - 1) Fi, L ±1 ,D:=(q-l)D = L-l,f:=(q-l)re U s q (\) n )' \ (q - 1) Uffl n )', for 
all i = 1, . . . , n . Therefore £/^(() n )' contains the subalgebra f7' generated by F i: L ±x , D, 
t, Ei ; we conclude that in fact Uq(i) n )' = U' : this is easily seen — like for SL 2 and for 
E 2 — using the formulas above along with (9.1). As a consequence, U q (i) n )' is the unital 
i?-algebra with generators Fi, . . ., F n , L ±x , D, t, Ei, . . ., E n and relations 

bx = xb , l ±x x = xl ±x , rx = xr, e.Pj - f 3 e, = 5 lJ (q - i)r 

L = l + D, L 2 -L- 2 =(l + q- l )r, t)(L + 1)(1 + L~ 2 ) = (l + q-^P 
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for all X E {Pi, L ±l , D, J 1 , EA . and i, j = 1, . . . , n , with Hopf structure given by 

A(Ei) = Ei®l + L 2 ®Ei, e(Ei) = 0, S(Ei) = -L~ 2 E t Vi=l,...,n 

A(r) =f®L 2 + L- 2 ®f, e(r) = o, s(f) = -r 

A(D)=D®1 + L®D, e(D)=0, S(D) = -L~ X D 

A(F i ) = F i ®L~ 2 + l®F i , e(Fi)=0, S(F t ) = -F t L 2 Vi = l,...,ra. 

A similar analysis shows that Uq(\) n )' coincides with the unital i?-subalgebra {/" of 
Uq(l) n ) generated by i^, -ftT ±:L , H := (q — l)H, P, (z = l,...,n); in particular, 
Uq(l) n )' C C/*(f) n )'. Therefore Uq{\) n )' can be presented as the unital associative R 
algebra with generators P\, . . . , F n , H, K ±x , j 1 , . . . , E n and relations 

M = M , K ±1 A > = 1 A K ±1 , fX = Xf, EiFj - FjEi = 5 lJ (q - l)f 
K=l + H, K-K- 1 = {l + q- l )f, H{l + K~ l ) = {l + q- l )f 

for all X G {Pi, if ±:L , if, J 1 , PA . and i, j = 1, . . . , n , with Hopf structure given by 

A(£?i) = Ei®l + K®Ei, e(Ei) = 0, S(Pi) = —K~ 1 P i Vi = l,...,n 

A(if ±x ) = if ±x <g> if ±x , e(if ±x ) = 1 , S(if ±x ) = K* 1 

A(r) =r®if + if- 1 ®r, e(r) = o, s(f) = -r 

A(H) = H®1 + K®H, e(H)=0, S(H) = -K~ l H 

A(Fi) =F l ®K~ 1 + l®F t , e(V)=0, = -F.if Vi = l,...,ra. 

As g — > 1 , the presentation above yields an isomorphism of Poisson Hopf algebras 

given by £?j mod (g — 1) i— > «i7 +1 , L ±:L mod (q — 1) i— > 7 ±:L , D mod (g — 1) i— > 7 — 1 , /" 
mod (g — 1) 1— > (7 2 — 7~ 2 ) y/ 2 , Pi mod (g — 1) 1— > 7 _1 A . In other words, the semiclassical 
limit of Uq(t) n )' is F[ s i7 n *] , as predicted by Theorem 2.2(c) for p = 0. Similarly, when 
considering the "adjoint case" , we find a Poisson Hopf algebra isomorphism 

U^ n Y/(q-l)U^ n )'-^F[ a H n *] (cF[X]) 

given by Pi mod (g — 1) 1— > cti7 +1 , if ±:L mod (g — 1) 1— > 7 ±2 , mod (q — 1) 1 — > — 1 , 
P mod (q - 1) i-> (7 2 - 7" 2 ) /2 , F< mod (g - 1) i-> 7" 1 /3 i • That is to say, U%(t) n )' has 
semiclassical limit F[ a H n *~\ , as predicted by Theorem 2.2(c) for p = . 

We stress the fact that this analysis is characteristic-free, so we get in fact that its 
outcome does hold for p > as well, thus "improving" Theorem 2.2(c) (like in §§7-8). 
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9.4 The identity (U q (\) n )'Y = U q {\) n ) . In this section we verify the part of Theorem 
2.2(b) claiming, for p = , that H G QrUSA => (H') V = H » both for H = U q^n) and 
for H = Uq{\) n ) . In addition, the same arguments will prove such a result for p > too. 

To begin with, using (9.1) and the fact that Fj, D, f 1 , Ei G Ker^e: U q (fy n )' — » lij we 
get that J := Ker (e) is the .R-span of M\{1} , where M is the set in the right-hand-side of 
(9.1). Since (f/, s (U'f :=E n >o((?-l) _1 f with I := Kerfu^J R -^-» k) = 
J + — 1) ■ U q (\) n )' we have that {U q {\) n )'Y is generated — as a unital .R-subalgebra 
ofU*(f) n )-by (Q-l)" 1 ^ = F, (q-iy 1 D = D, (q-iy 1 f = r, (q-l)- 1 E i = E i 
(i = l,...,n), so it coincides with U q (fy n ), q.e.d. In the adjoint case the procedure is 
similar: one changes L ±x , resp. I), with K ±x , resp. if, and everything works as before. 

9.5 The quantum hyperalgebra Hyp q (t) n ). Like in §§7.5 and 8.5, we can define 
"quantum hyperalgebras" associated to f) n . Namely, first we define a Hopf subalgebra of 
U*(f) n ) over Z[g, g _1 ] whose specialization at q = 1 is the natural Kostant-like Z-integer 
form Uz(f) n ) of U(f) n ) (generated by divided powers, and giving the hyperalgebra Hyp(\) n ) 
over any field k by scalar extension), and then take its scalar extension over R. 

To be precise, let Hyp s q ' z (i) n ) be the unital Z[q, g -1 ] -subalgebra of U*(f) n ) (defined like 
above but over Z[g, g _1 ] ) generated by the "quantum divided powers" F!> m) := F™ / [m) q \ , 

( L n) := II ^'r^i 1 > ^ ■■= E T/[m] q \ (forallmeN, c G Z and z = 1, . . . , n , 

with notation of §7.5) and by L _1 . Comparing with the case of - - noting that for 
each i the quadruple (F, L, L _1 , Fj) generates a copy of U^sfe) — we see at once that 

this is a Hopf subalgebra of U*(f) n ), and fiyp*' z (() n ) _ = E/" z (f)») ; thus flyp*(f) n ) := 
R®z[q,q-i] Hyp s q ' z (t) n ) (for any R like in §8.2, with k := R/hR and p := Char(k)) 
specializes at q = 1 to the k-hyperalgebra Hyp(l) n ). Moreover, among all the (^^'s it 
is enough to take only those with c = . From now on we assume p > . 

Pushing forward the close comparison with the case of we also see that Hyp q {\) n )' 
is the unital .R-subalgebra of Hyp q {\) n ) generated by L~ l and the "rescaled quantum 

divided powers" (q-l) m F t (m \ (q-l) m f^ ) and (q-l) m E$ m \ for all m G N and 
i = 1, . . . , n . It follows that Hyp s Jt) n ) is generated by the specializations at q = 1 
of (g - lfF^ , ( 9 -l) p ^ L p ;°) and (q - lf r Ef ] , for all r G N, z = l,...,n: 
this proves directly that the spectrum of Hyp q (t) n ) has dimension and height 

5=1 

1, and its cotangent Lie algebra has basis j (q-lf r F^ , (g — (^°) , (^-l)^?^ 
mod (g — 1) Jfyp^(g)' mod J 2 reN,i = l,...,n| (with J being the augmentation 
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ideal of Hyp a [\) n ) , so that J J 2 is the aforementioned cotangent Lie bialgebra). 

q=l I 

Finally, (HypfflJY is generated by {q-lf~ X Ff\ (q - if- 1 ( L /) , L" 1 and 
(q-lf^E^ (for reN, i = l,...,n): in particular (Hyp^'f % Hyp 8 q {\) n ) , and 
(ffyp^fjn)'^ is generated by the cosets modulo (q — 1) of the elements above, which 

q=l 

form indeed a basis of the restricted Lie bialgebra £ such that (ifypg(h n ) ) = u(t) . 

9=1 

The previous analysis stems from U|(h n ), and so gives "simply connected quantum ob- 
jects". Instead we can start from U^(f) n ), thus getting "adjoint quantum objects", moving 
along the same pattern but for replacing L^ 1 by K^ 1 throughout: apart from this, the 
analysis and its outcome are exactly the same. Like for sfe (cf. §7.5), all the adjoint quan- 
tum objects — i.e. Hyp q (i) n ), B.yp^{\) n )' and (Hyp q (i) n yY — will be strictly contained 
in the corresponding simply connected quantum objects; however, the semiclassical limits 
will be the same in the case of Hyp q (g) (giving Hyp(t) n ) : in both cases) and in the case 
of (Hyp q (Q)'Y (always yielding u(t)), whereas the semiclassical limit of Hyp q (o)' in the 
simply connected case will be a (countable) covering of the limit in the adjoint case. 

9.6 The QFA F q [H n ] . Now we look at Theorem 2.2 the other way round, i.e. from 
QFAs to QrUEAs. We begin by introducing a QFA for the Heisenberg group. 

Let F q [H n ] be the unital associative -R-algebra with generators ai, . . . , a n , c, bi, . . . , 
b n , and relations (for all i, j = 1, . . . , n ) 

cLjclj — — cljcLj j cLjbj — — bj'cLj ; bjbj — — bjbj 5 C ct-^ — — ct-^ C ~\~ (^Q 1) cl^ 1 C bj — — bj C ~\~ (^Q 1) \)j 

with a Hopf algebra structure given by (for all i,j = 1, . . . , n ) 

n 

A(a*) = &i ® 1 + 1 <S> aj , A(c) = c<g>l + l<g>c + X!^®^, A(b;) = b, <8> 1 + 1 <8> \ 

n 

e(ai) = 0, e(c) = 0, e(bj) = , 5 , (a i ) = -a i , 5(c) = -c + £ a <> b <> , 5(b<) = — b< 

i=i 

and let also F g [if n ] be the _F(.R) -algebra obtained from F 9 [if n ] by scalar extension. Then 
1 : = { nLi a T • cC -nj=i b j j a ^ c > b j e N Vi, j } is an .R-basis of F q [H n ], hence an F(R)- 
basis oi¥ q [H n ]. Moreover F q [H n ] is a QFA (at h = q— 1) with semiclassical limit F[iy n ] . 

9.7 Computation of F 9 [i7 n ] v and specialization F q [H n ] w — - — —>U(l)n). This 
section is devoted to compute F q [H n ] v and its semiclassical limit (at q = 1 ). 

Definitions imply that B \ {1} is an .R-basis of J := Ker (e : F 3 [ff n ] -» so (B \ 

{l})u{(g-l)-l} is an .R-basis of J := Ker(F g [# n ] ^> g ^ » k) , for 7 = J+(q-l)- 
F q [H n ] . Therefore F q [H n ] v := J2 n>0 (^(q — 1) is nothing but the unital -R-algebra 
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(subalgebra of ¥ a [H n ]) with generators Fj := — — — , H := — - — , and Fi := — — — 

q — 1 q — 1 </ 1 

( i = 1, . . . , n ) and relations (for all i, j = 1, . . . , n ) 

FjFj = FjF; , -Ei-Fj = FjEi , FjFj = FjFj , HEi = EiH + Ei , HFj = FjH + Fj 
with Hopf algebra structure given by (for all i, j = 1, . . . , n ) 

n 

A(Fj) = £'j<g)l + l<g)£'j , A(H) = H®l + l®H+(q-l)J2E j ®F j , A(F) = F®1 + 1®F 

n 

e(£? i ) = e(^) = e(F i ) = 0, S(Ei)=-Ei, S(H) =-H + (q-l)J2E j F j , 5(F i )=-F i . 

i=i 

At q = 1 this implies that F g [F n ] v 9 ^ > Z7(f) n *) as co-Poisson Hopf algebras, for a 
co-Poisson Hopf algebra isomorphism 

F q [H n ] y j (q - 1) F q [H n ] w — ^— £/(l) n *) 

exists, given by Fj mod (g — 1) i— > ie* , H mod (g — 1) i— > h , Fi mod (g — 1) h- > fj , for 
all z, j = 1, . . . ,n ; so F 9 [Fr n ] v specializes to E/"(f) n *) as a co-Poisson Hopf algebra, q.e.d. 

9.8 The identity (F (? [if n ] v ) / = F g [F n ] . Finally, we check the validity of the part of 
Theorem 2.2(b) claiming, when p = 0, that H G QTA =>> (F v )' = if for the QFA 
F = F q [H n ] . Once more the proof works for all p > , so we do improve Theorem 2.2 f&j. 

First of all, from definitions induction gives, for all m G N , 

A m (F,) = £ I®*" (g, ^ (g, 1® S , A m (F) = £ l® r ®F®l® s Vi = l,...,n 

r+s=m — l r+s=m — l 

m m 

A m (H) = £ l® r ® F ® 1® S + £ £ ® Ei® l®^- 1 ) ® ^ (8) l®(™" fc ) 

r+s=m — 1 * = -^j fc=l 

)<fc 

so that S m (Ei) = Sg(H) = 8 m (Fi) =0 for all m > 1, £ > 2 and i = 1, . . . , n ; moreover, 
for Ei := (q — l)Ei = a^ , H := (q — 1)H = c , Fi := (q — l)Fi = bj (i = 1, . . . , n) one has 

S 1 (E i )=(q-l)E i , S 1 (H)=(q-l)H, S 1 (F i ) = (g-l)^ G F g [F n ] v \(g - l) 2 F g [F n ] v 

5 2 (F) = ( ? -l) 2 Er=i^®^e( ? -l) 2 (F g [Fr n ] v )^\( ? -l) 3 (Fjif n ] v ) 82 . 

The outcome is that Fj = &i,H = c, Ft = bj G (F g [F n ] v ) , so the latter algebra 
contains the one generated by these elements, that is F q [H n ]. Even more, F q [H n ] v is 
clearly the F-span of the set l v := j H" =1 Ef* ■ H c ■ ]\ n j=1 F** a u c, bj eNVij'J, so 

from this and the previous formulas for A n one gets that (F g [F n ] v ) = F q [H n ] , q.e.d. 
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§ 10 Fifth example: non-commutative Hopf algebra of formal diffeomorphisms 

10.1 The goal: from "quantum symmetries" to "classical (geometrical) sym- 
metries". The purpose of this section is to give a highly significant example of how the 
global quantum duality principle — more precisely, the crystal duality principle of §5 - 
may be applied. We consider a concrete sample, taken from the theory of non-commutative 
renormalization of quantum electro-dynamics (=QED) performed by Brouder and Frabetti 
in [BF2]. This is just one of several possible examples of the same type: indeed, several 
cases of Hopf algebras built out of combinatorial data have been introduced in last years 
both in (co) ho mo logical theories (see for instance [LR] and [Fol-3], and references therein) 
and in renormalization studies (starting with [CK1]). In most cases these Hopf algebras 
are neither commutative nor cocommutative, and our discussion apply almost verbatim to 
them, giving analogous results. So the present analysis of the "toy model" Hopf algebra 
of [BF2], can be taken more in general as a pattern for all those cases. See also [Ga6]. 

Note that the Hopf algebras under study are usually thought of as "generalized sym- 
metries" (or "quantum symmetries", in physicists' terminology); well, the crystal duality 
principle tells us how to get out of them — via 1-parameter deformations! - "classical 
geometric symmetries", i.e., Poisson groups and Lie bialgebras; in other words, in a sense 
this method yields the classical geometrical counterparts of a quantum symmetry object. 

10.2 The classical data. Let k be a fixed field of characteristic zero. 
Consider the set £ dif := { x + J2 n 

>1 a n x n+1 | a n G k V n e N+ } of all formal series 
starting with x : endowed with the composition product, this is a group, which can be seen 
as the group of all "formal diffeomorphisms" / : k — > k such that /(0) =0 and f'(0) = 1 
(i.e. tangent to the identity), also known as the Nottingham group (see, e.g., [Ca] and 
references therein). In fact, Q dli is an infinite dimensional (pro)affine algebraic group, whose 
function algebra F[^ dlf ] is generated by the coordinate functions a n (n E N+). Giving to 
each a n the weight 7 d(a n ) := n, we have that F[^ dlf ] is an N-graded Hopf algebra, with 
polynomial structure F [Q dli ~\ = k[ai, a2, . . . , a n , . . . ] and Hopf algebra structure given by 

En— 1 
Cl m <S> Qn-m( a *) ) e ( a n) = 

m=l 

En— 1 ^-^n — 1 

, «mS Q™ m (a») = -a n - \ S(a m )Q™_ m (a*) 
m=l ^— 'm—1 

where Q e t (a*) := £Li (^PfV*) and P t (fc) (a«) := V. a h ■ ■ ■ a Jk (the sym- 

Jl s • • • jjk ^ u 

JiH \~jk=t 

metric monic polynomial of weight m and degree k in the indeterminates a/s) for all m, 
k, £ e N + , and the formula for S(a n ) gives the antipode by recursion. From now on, to 
simplify notation we shall use notation Q := Q Ali and := Q = Q Ali . Note also that 



We say weight instead of degree because we save the latter term for the degree of polynomials. 
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the tangent Lie algebra of Q dli is just the Lie subalgebra Wi- 1 = Span ({ d n \ n G N + }) 
of the one-sided Witt algebra W x := Der(k[t}) = Span ({ d n := t n+1 -^ \ n G N U {-1} }) . 

In addition, for all v G N + the subset Q v := { / G Q \ a n (f) = 0, V n < v } is 
a normal subgroup of Q; the corresponding quotient group Q v := QjQ v is unipotent, 
with dimension v and function algebra (isomorphic to) the Hopf subalgebra of 

F\Q\ generated by a±, . . . , a v . In fact, the G u, s form exactly the lower central series of Q 
(cf. [Je2]). Moreover, Q is (isomorphic to) the inverse (or projective) limit of these quotient 
groups Q v {y G N+), hence Q is pro-unipotent; conversely, F[Q] is the direct (or inductive) 
limit of the direct system of its graded Hopf subalgebras [y G N+). Finally, the 

set g odd := {f e G dli | a,2n+i(f) = V n G N+ } is another normal subgroup of Q dlt 
(the group of odd formal diffeomorphisms 8 after [CK3]), whose function algebra i ? [^ odd ] 

is (isomorphic to) the quotient Hopf algebra F[^ dlf ] j ({ a 2n-i} neN+ j • The latter has the 
following description: denoting again the cosets of the a2 n 's with the like symbol, we have 
F [£ odd ] = k[a2, 04, . . . , a 2n , • • • ] with Hopf algebra structure 

En— 1 _ 
a-lra ® Qn-m( a 2*) , e(a 2n ) = 

m=l 

En — 1 ^ — ^n — 1 
a 2m S(Q™_ m (a*)) = -a 2n - > 1 S{a 2m )Qn-m{a2*) 
m=l ' *-^m=l 

where Qf(a 2 *) := ELi *) p t ( a 2*) and p t W) ■= E, , ^ n a 2ji • • • a>2j k for all 

jiH \-jk=t 

m, k, £ e N + . For each v G N + we can consider also the normal subgroup Q v fl Q odd and 
the corresponding quotient £° dd := £ odd /(^ n Q odd ) : then F[£° dd ] is (isomorphic to) 
the quotient Hopf algebra ^[£° dd ]/({ a 2n-i}( 2n _i) e N j , in particular it is the Hopf sub- 
algebra of F [G oAA ] generated by a 2 , . . . , a 2 [u / 2 } ■ All the F [£° dd ] 's are graded Hopf (sub)al- 
gebras forming a direct system with direct limit -F[£ odd ]; conversely, the Q° dd, s form an 
inverse system with inverse limit Q odd . In the sequel we write Q + := Q odd and := Q° dd ■ 
For each v G N + , set N„ := {1, . . . , v) ; set also Noo := N + . For each v G N + U {oo} , 
let £„ = C(N V ) be the free Lie algebra over k generated by {x n } neN ^ and let U v = U{C V ) 
be its universal enveloping algebra; let also V v = V(N l> ) be the k-vector space with basis 
{^n} n6 N ' an d ^ = T(V U ) be its associated tensor algebra. Then there are canonical 
identifications U(C U ) = T(V U ) = k({x n | n G N„ }) , the latter being the unital k-algebra 
of non-commutative polynomials in the set of indeterminates {x n } ne ^ , and C v is just the 
Lie subalgebra of U v = T v generated by {x n } neN . Moreover, C v has a basis B v made of 
Lie monomials in the x n 's (n G N„), like [x ni ,x n2 ], [[x ni ,x n2 ],x n3 ], [[[x ni , x n2 ], x n3 ], x n4 ], 
etc.: details can be found e.g. in [Re], Ch. 4-5. In the sequel I shall use these identifications 
with no further mention. We consider on U(C V ) the standard Hopf algebra structure 
given by A(x) =x<S>l + l<S>x, e(x) = , S(x) = —x for all x G C v , which is also 



The fixed-point set of the group homomorphism 3> : Q — > Q , / i— > $(/) (a; i— > (<£>(/)) (x) 



= -f(-x)) 
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determined by the same formulas for x G {x n } neN ^ alone. By construction v < [i implies 
C v C jC^ , whence the C u 's form a direct system (of Lie algebras) whose direct limit is 
exactly ; similarly, U(Coo) is the direct limit of all the U(£ u ys. Finally, with B„ we 
shall mean the obvious PBW-like basis of U{C U ) w.r.t. some fixed total order -< of B v , 
namely B„ := { Xb \ b = b x ■ ■ ■ b k ; bi, . . . , b k G B v ; b 1 ^ • • • ^ b k } . 

The same construction applies to define the corresponding "odd" objects, based on 
{^n} n6N +, with N+ := N u n 2N, instead of {x n } n€Ku (for each v G N U {00}). Thus 
we have"£+ = £(N+) , U+ = U(C+) , V+ = V(N+i, T+ = T(V+) , with the obvious 
canonical identifications U(C+) = T(Vj~) = k({ x n \ n G N+ }) ; moreover, £+ has a basis 
made of Lie monomials in the x n 's (n G N+), etc. The £^T's form a direct system 
whose direct limit is , and {/(£+) is the direct limit of all the £7(£+)'s. 

Warning : in the sequel, we shall often deal with subsets {yi,} beB (of some algebra) in 
bijection with B v , the fixed basis of C v . Then we shall write things like y A with A G C v : 
this means we extend the bijection {Yb\beB l/ — to Span ({yb}beB„) — £-v by linearity, 
so that y A = ^2 beB Cbb iff A = ^2 beB Cbb ( Cb G k ). The same kind of convention will 
be applied with £?+ instead of B v and instead of C v . 

10.3 The noncommutative Hopf algebra of formal diffeomorphisms. For all 

v G N + U {00} , let Hv be the Hopf k-algebra given as follows: as a k-algebra it is simply 
Ti v := k^{a n \n G N u }) (the k-algebra of non-commutative polynomials in the set of 
indeterminates {a n } neN ), and its Hopf algebra structure is given by (for all n G N u ) 

En— 1 
a m ®Q™_ m (a*), e(a n )=0 

1 (10.1) 

En — 1 ^— v n — 1 v ' 

a m S {Q™-m( a *)) = ~ a n — V S(a m ) Q™_ m (a*) 
m=l ^— 'm=l 

(notation like in §10.2) where the latter formula yields the antipode by recursion. Moreover, 
7i u is in fact an ~H— graded Hopf algebra, once generators have been given degree — in the 
sequel called weight — by the rule <9(a n ) := n (for all n G N u ). By construction the 
various H^s (for all v G N + ) form a direct system, whose direct limit is : the latter 
was originally introduced 9 in [BF2], §5.1 (with k = C), under the name 7i dlf . 

Similarly, for all v G N + U {00} we set K, v := k({ a n | n G N+ }) (where N+ := 
N u fl (2N) ): this bears a Hopf algebra structure given by (for all 2 n G N+ ) 

En— 1 
a 2 m <S> <3n-m( a 2*) , e(a 2n ) = 
m=l 

En— 1 ^ — v n— 1 
1 a 2m S(Q™_ m (a 2 *)) = -a 2n - \ S(a 2m ) <2™-m( a 2 *) 
m=l ^— 'm=l 

(notation of §10.2). Indeed, this is an N-graded Hopf algebra where generators have degree 
- called weight — given by <9(a n ) := n (for all n G N+). All the /C^'s form a direct 



9 However, the formulas in [BF2] give the opposite coproduct, hence change the antipode accordingly; 
we made the present choice to make these formulas "fit well" with those for F[C/ dlf ] (see below). 



THE GLOBAL QUANTUM DUALITY PRINCIPLE: THEORY, EXAMPLES, APPLICATIONS 93 



system with direct limit /C^ . Finally, for each v G N+ there is a graded Hopf algebra 

epimorphism Jl v » K v given by a2 n | — ► &2n , a.2m+i i— > for all 2n, 2m + 1 G N„ . 

Definitions and §10.2 imply that 

(W„) a6 := H V /([H V ,H V \) = F[Q V ] , via a n h-> a n VnGPf v 

as N-graded Hopf algebras: in other words, the abelianization of 7i u is nothing but F \Gv\ ■ 
Thus in a sense one can think at Ti v as a non-commutative version (indeed, the "coarsest" 
one) of F \Gv\ , hence as a "quantization" of Q v itself: however, this is not a quantization in 
the sense we mean in this paper, for F [Gu\ is attained through abelianization, not through 
specialization (of some deformation parameter). Similarly we have also 

(/C„) a6 := £„/([£„,£„]) F[G+] , via a 2n ^ a 2n V 2n G N+ 

as N-graded Hopf algebras: in other words, the abelianization of K v is just F [G„] ■ 

Note that V = *H V = {Ti u )' (notation of §5.1) because H v is graded and connected: 
therefore applying the crystal duality principle to Ti v we'll end up with (5.5), which means 
we can deform H u in four different ways to Hopf algebras bearing some (Poisson-type) 
geometrical content; and similarly for /C„. In particular we'll describe the Poisson groups 
G + and G*_ , and their cotangent Lie bialgebras 0* and g_, attached to 7i v and to K, u in 
this way. We perform the analysis explicitly for Td, ; the case K v is the like, and we leave 
to the reader the easy task to fill in details. 

We follow the recipe in §§5.1-4. Let's drop the subscript v (which stands fixed) and 
write Ti := Ti^, . Let R := k[h] , and set Tin '■= 7~C[fo] = <S>k Ti : this is a Hopf algebra 
over k[h], namely Tin = k[h]({ a n | n E N u }) with Hopf structure given by (10.1) again. 
More precisely, we have 7i[H] G TiA w.r.t. the ground ring R := k[h] (a PID). Then 
F(R)=k(h), and {H h ) F := k{h) <8> k[R] H h = k(h) ® k H = H{h) = k{h){{ a n | n G N„ }). 

10.4 Drinfeld's algebra Tin := (H[h]) y . By the method in §5 leading to the Crystal 
Duality Principle, we can apply Drinfeld's functors at the prime h G k[h] to Hn := H[h] . 
We begin with := En>o Jn ( ^ (Wr) f = H{h) ) , where J := Ker (e Wft : H ft — > 
k[^,] ) . We'll describe 7Y?j, V explicitly, thus checking that it is really a Qr UEA, as predicted 
by Theorem 2.2(a); then we'll look at its specialization at H = 1 , and finally we'll study 
CHf^)' and its specializations at K = and h = 1. The outcome will be an explicit 
description of the diagram of deformations (5.3) for H = 7i ( = 7i u ). 

For all ?7. G , set x n := h~ 1 a n . Then clearly Ti,^ is the k[/i]-subalgebra of 7i(h) 
generated by the set {x n } n6N ^ , and thus = k[h]({ x n | n G N u }) . Moreover, 
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,V, ^1 , x n _ m (g)PW(x*), e(x n )=0 

m=l ^— ' k=l \ K / 

S(x„) = -x„ - £^ £^ fi< (" - ™ + x„_,„ S(P<f>(*.)) = (10.2) 

for all n G , due to (10.1); from this one sees by hands that the following holds: 

Proposition 10.5. Formulas (10.2) make Tin = k[ft]({x n , \ n G ~N U }) into a graded 
Hopf k[h]-algebra, embedded into TL(K) := k(h) ®^TL as a graded Hopf subalgebra. More- 
over, Tift is a deformation of H, for its specialization at h = 1 is isomorphic to H, i.e. 



:= Hn {h-l)Hn = H via x n mod (h-l)H h v ^ a n (VneN,) 



n_i V 

as graded Hopf algebras over k . □ 



Remark : The previous result shows that Tin is a deformation ofTi, which is "recovered" 
as specialization limit (ofHn) at h = 1 . The next result instead shows that Hn is also a 
deformation ofU{C v ), which is "recovered" as specialization limit at h = 0. Altogether, 
this gives the left-hand-side of (5.3) for H = H := H v , with g_ = C u . 

Theorem 10.6. Tin is a QrUEA at h = 0. Namely, the specialization limit of Tin at 
h = is Tin := Tin fiTin = U(C V ) via x n mod fiTin \— > x n for all n G ~N U , 
thus inducing on U (C u ) the structure of co-Poisson Hopf algebra uniquely given by the Lie 
bialgebra structure on C v given by 5(x n ) = Yle=i(^ + 1) ^ A x n -i (for all n G N v ) 10 . In 
particular in the diagram (5.3) for H = H (= 7i v ) we have g_ = L v . 

Finally, the grading d given by d(x n ) := 1 (n G N+) makes Ji^ = UiC^,) into a 
graded co-Poisson Hopf algebra; similarly, the grading d given by d(x n ) := n (n G N + ) 



makes Hn 



= U(C V ) into a graded Hopf algebra and C v into a graded Lie bialgebra. 



Proof. First observe that since Tin = k[h]({x n \n G N„ }) and U(C„) = T(V„) = 
k({x n \n G N^}) mapping x n mod hTin ^ x n ( V n G N u ) does really define an 
isomorphism of algebras $ : Tin j hHn = U{C V ) . Second, formulas (10.2) give 

A(x n ) = x n <g> 1 + 1 <g> x n mod h (Hk ® Hn^j 
e(x n ) = mod Hk[h] , 5'(x n ) = — x n mod hTin 



10 Hereafter, I use notation a Ab := a (g> — b ® a . 
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for all n6N„; comparing with the standard Hopf structure of U(C V ) this shows that $ 
is in fact an isomorphism of Hopf algebras too. Finally, as Hh is cocommutative, a 
Poisson co- bracket is defined on it by the standard recipe in Remark 1.5: applying it yields 

5{x n ) := (/T 1 (A(x n ) - A op (x n ))) mod h (Hh V ®H h V ) = 

= £^=1 ( n "T +1 ) X n-m A P£>(**) = Efci 1 (t +1)X £ A X n . £ V tlGN„. □ 

10.7 Drinfeld's algebra {Hh)' - I look now at the other Drinfeld's functor (at h), 

and consider (Hn)' := j 77 G Tin 8 n (r}) G h n (H h w )® n V ra G N } (QHn). Theorem 

2.2 tells us that {Hh)' is a Hopf WJv]-subalgebra of Tin ' , and the specialization of {Hh)' 

at h = , that is (Wft V )'| := (Hh)' j h {Hn)' > is the function algebra of a connected 

algebraic Poisson group Gc* dual to Gc v , the latter being the connected simply-connected 

Poisson algebraic group with tangent Lie bialgebra C v . In other words, {Hh)' must 

h=o 

be isomorphic (as a Poisson Hopf algebra) to F [(?£*], where 67^* is connected and has 
cotangent Lie bialgebra Lie (Gel) = A/- Therefore we must prove that {Hh)' is a 

commutative Hopf k-algebra, it has no non-trivial idempotents, and (^co-Lie (Gc*) '■= j 

Jo/ Jq = C v as Lie bialgebras, where Jo := Ker (e: {Hh)' — > k) • We prove all this 

V h=o / 

directly, via explicit description of {Hh) and its specialization at h = . 

S^ep ^4 direct check shows that x n := fox n = a n G (H^ v ) , for all n G N„ . Indeed, 
we have of course 5o(x n ) = e(x n ) G TP Jin and 5i(x n ) = x n — e(x n ) G h x Hh . More- 
over, 5 2 (x n ) =EriiXn- m ®Qr m (x*) = E^i ELi ( n T +1 ) x ™ ® ^(x*) G 
. Since in general = (Sg-i ® id) o 5 2 for all £ G N + , we have 

n-l m / n _ m J r \\ 
8 e (Sc n ) = (Si-! ®id)(<5 2 (Xn)) = T ) 8l-l(Xn-m) ® P£Hx*) 

m=l fc=l ^ ' 

whence induction gives <^(x n ) G ^ (Tin)^ for all £ G N, thus x n G {Hh) , q.e.d. 

S'tep JI: By Theorem 2.2(a) we have that {Hh)' is commutative: this means [a, 6] = 
mod h(Hh)' , that is [a, 6] G h{Hh)' hence also ft -1 [a,6] G {Hh)' , for all a, 6 G 
(Hh)' ■ In particular, we get [x n ,x m ] := ft[x n ,x m ] = ft -1 [x n ,x m ] G (^ V )' for all n, 
m G , whence iterating (and recalling £„ is generated by the x n 's) we get x:=fixG 
{H-h)' f or every x G £^ . Hereafter we identify C u with its image via the embedding 
£ u ^ U(£ u ) =k({x n } nefq J ^k[h]({yi n } neNv ) = Hh given by x n h-> x n (n£N„). 

S'te^ 1/7: The previous step showed that, if we embed £^ <^-> U(C V ) <— > 7Yft V via x n i— > 
x n (for all ?7. G ) we find £„ := C {Hh)' • Let ^ e ^e k.[H]-subalgebra 

of {Hh)' generated by C u : then (£„ ) C {Hh)' ; because {Hh)' is a subalgebra. In 
particular, if G 7i^, v is the image of any 6 G B v (cf. §10.2) we have bj, := fob;, G {Hh)' ■ 
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Step IV: Conversely to Step III, we have {£>») ~2 {(Hh)' • In fact, let 77 E {Hn)' ] 
then there are unique d E N , t] + E Wft V \ ft7i?i V such that 77 = ; set also y := y 
mod HH h w E H h w /hH h w for all y E H h w . As = k[ft]({x n |7i GN„}) there is a 
unique ft-adic expansion of 77+, namely 77+ = 770 + hrji + ■ ■ ■ + h s n s = X]fc=o ^ r l k wl th 
all rjk G k({ x n I n G N„ }) and 770 7^ . Then ?7_|_ = 770 := ?7o mod hTin ; thus Lemma 
4.2(d) gives $(770) < d , where now <9(t7 ) denotes the degree of 770 for the standard filtration 
of U(C V ). By the PBW theorem, <9(?7o) is also the degree of 770 as a polynomial in the x^'s, 
hence also of 770 as a polynomial in the x b 's (b G B v ): then h d r]o G (C v ) C (Hn) (using 
Step III), hence we find 

77 (1) := h d+1 {m + h m + --- + h s - 1 Vs ) = v -h d m e (H h w )' . 

Thus we can apply our argument again, with 7/(1) instead of 77. Iterating we find d(fjk) < d+ 
k , whence h d+k rjk G (C v ) ^ C (Hh)'^j for all , thus 77 = J2t=o ^ d+k Vk e ) ' Q- e -d- 
An entirely similar analysis clearly works with JCn taking the role of Tin, with similar 
results (mutatis mutandis). On the upshot, we get the following description: 

Theorem 10.8. (a) With notation of Step II in $10.7 (and [a,c] :=ac — ca ), we have 
(n^)' = (Z) = k[ft]({b 6 } 6eBw ) / ({ [b 6l ,b b2 ] -h[b^b b2 ] \ ^b u b2GB v fj . 

(b) (Ti-n 7 )' is a graded Hopf k.[h]-subalgebra of Tin , and H is naturally embedded into 
(7ift V )' as a graded Hopf subalgebra via Tt c > ('Hr^)' , a n 1— > x n (for all n G N u ). 

(c) {T~th / )' '■= ( / Hn / )' / h (Hf^Y = F[Gc*] , where Gjr* is an infinite dimensional 

h=o I 

connected Poisson algebraic group with cotangent Lie bialgebra isomorphic to C u (with the 
graded Lie bialgebra structure of Theorem 10.6). Indeed, (7~Lh / ) is the free Poisson 
(commutative) algebra over N u , generated by all the x n | ft _ (n E N u ) with Hopf struc- 
ture given by (10.1) with x* instead of a* . Thus {(Hn)' is the polynomial algebra 

^[{Pb}b£B u ] generated by a set of indeterminates {Pb}beB v ^ n bisection with the ba- 
sis B v of C u , so Gel — ^k" ( a (p r o)affine k-space) as algebraic varieties. Finally, 
F[Gc*] = fan) — ^[{ Pb}beB v ] bears the natural algebra grading d of polyno- 
mial algebras and the Hopf algebra grading inherited from (Ht^)' , respectively given by 
d(b b ) = 1 and d(b h ) = Ylt=i n i f or al1 &=[[••• [k , x na ], x na ], ■ ■ -],x nk ] E B v . 

(d) F\Q^ is naturally embedded into {Hn) = F[Gc*] as a graded Hopf subal- 

gebra via \i: F[Q V ] < > {^h)' = F[Gcl] > a n ^ ( x n mod h (Hn) ) (for all 

n E N u ); moreover, F \Gv\ freely generates F [Gx*] as a Poisson algebra. Thus there is an 
algebraic group epimorphism /j* : Gel * Gv > that is Gel ^ s an extension of Q v . 

(e) Mapping ( x n mod h {nn W )') >-> a n (for all n E gives a well-defined graded 
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Hopf algebra epimorphism it : F [Gc*] » F \Gv\ ■ Thus there is an algebraic group 

monomorphism 7r* : Q v c > Gc* , that is Q v is an algebraic subgroup of Gel ■ 

(f) The map \i is a section of it, hence it* is a section of fx* . Thus Gc v is a semidirect 
product of algebraic groups, namely Gc* = Qv x Nv where M v := Ker (//*) <j Gc v . 

(g) The analogues of statements (a) -(f) hold with /C instead of TC , with X + instead of 
X for all X = £„, B v , N„, /U, tt,N v , and with G c + instead of Gc v . 

Proof, (a) This part follows directly from Step III and Step IV in §10.7. 

(b) To show that (H^)' is a graded Hopf subalgebra we use its presentation in (a). But 
first observe that by construction a n = x n (for all n £ so Tt embeds into {^Hn)' 

via an embedding which is compatible with the Hopf operations: then this will be a Hopf 
algebra monomorphism, up to proving that {^Hn)' is a Hopf subalgebra (of Tin ). 

Now, e-ft R v obviously restricts to give a counit for (Tin)' . Second, we show that 
A^TCt^)'^ Q fan)' <g> {Kb?)' , so A restricts to a coproduct for [Tin)' . Indeed, each 
b G B„ is a Lie monomial, say b — [[[... [x ni , x n2 ], x n3 ],...], x nfc ] for some /c, n±, 
rik G , where k is its Lie degree: by induction on k we'll prove A(b{,) G {Hh)'®((Hh)' 
(with b b := hb b = h[[[. . . [x ni , x n2 ], x ns ], . . .],x n JJ. 

If k = 1 then b = x n for some Then b& = hx n = a n and 

n-l 

A(b 6 ) =A(a n )=a n ®l + l®a n +^a n _ m ®g™(a,) 6H di W if C (W R V )'®(W R V )' . 

m=l 

If > 1 then b = [b~ , x n ] for some n G N„ and some 6~ G B u expressed by a Lie 
monomial of degree k — 1 . Then b^, = h [b~, x n ] = b~, x n and 



A b h = A b",x 



A(b"),A(x n )] = h- 1 [A(b"),A(a n )] = 
r -n— l 

= h~ x 53 (B-) b a) b r2) ' a n ® i + 1 ® a n + J2 m=1 an ~ m fi" ra ( a *) 



n-l 



+ E E ( «- 

(£-)m=l 



'(1) 



5 «3-n— r 



'(i) 



'(2) 



where we used the standard E-notation for A ( b 



= S(B-) b (i) ® b (2) • B y inductive 
hypothesis we have b^, b^ G {7~th / ) ; then since also &g G (Wft V ) for all £ and since 
{Hn)' is commutative modulo ft we have 



hr 



b (i) ' a n 



'(2) 



'(i) 



b( 2) ,e m (a*) G (^ V ) 
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for all n and (n—m) above: so the previous formula gives A(b b ) G {Hh)'& {Hn)' , q.e.d. 

Finally, for the antipode we proceed as above. Let b G B v be the Lie monomial 
b =[[[... [x ni ,x n2 ],x n3 },...},x nk ] , so b b = hb b = h [[[... [x ni ,x n2 ],x n3 ],...],x n J . We 
prove that ^(bb) G (7~^ V ) by induction on the degree k . 

If k = 1 then b = x n for some n , so b & = ftx n = a n and 



S(b 6 ) = 5(a n ) = -a n - a n _ m 5(Qr m (a*)) G H dif C (^ v )' , q.e.d. 

If k > 1 then 6 = [ft - , x n ] for some nGl„ and some 6~ G -B^ which is a Lie monomial 
of degree k — 1 . Then b^ = h [b~, x n ] = b~, x n J 



h 



b ,a r 



and so 



s(b b ) =5([b-,x n ]) = ^[^^(b-)] G ^- 1 [(^ V )',(^ V ) / ] C (^ v )' 

using the fact S(a. n ) = S(5t n ) = S[b Xn ) G {7~Lh)' (by the case k = l) along with the 
inductive assumption ^(b - ) G {T~Ln)' and the commutativity of {Hn)' modulo h. 



(c) As a consequence of (a), {Hn)' 



is a polynomial k-algebra, namely 



(«* v r 



?i=0 



beB 



with := bb mod ft (Hft V )' for all b E B v . 



So (T~th / ) is the algebra of regular functions -F[-T] of some (affine) algebraic variety r ; 

fi=0 

as {Hn) is a Hopf algebra the same is true for (Hn) = F[r] , so T is an (affine) 

h=o 

algebraic group; and since F[r] = (Hn) is a specialization limit of (7~Ch / ) , it is 

endowed with a Poisson structure too, hence r is a Poisson (affine) algebraic group. 

We compute the cotangent Lie bialgebra of r. First, m e := Ker (fF[r]) = ({ A } 6eB ) 
(the ideal generated by the /V s ) by construction, so trie = ^{ (3 bl (3 b2 } bi b2eB Therefore 
the cotangent Lie bialgebra Q(F[T]) := m e y/ tn e 2 as a k-vector space has basis { (3 b } beB 
where f3 b := f3 b mod m e 2 for all b E B u . For its Lie bracket we have (cf. Remark 1.5) 



[Pb^Pb 2 ] : = {A> 15 A> 2 } mod m e 2 = (ft ^bb^btj mod/i(H fi v )') mod m 
= (ft _1 ft 2 [b^, bb 2 ] m.o<\ h (Tin )'^J mod m 2 = (hb^^ mod^(7i^ v )'j mod m 



= ( h [b!,b 2 ] modft(?4 v )') mod m 2 = (3 [blM mod m 2 = (3 [blM] , 



thus the k-linear map \1/ : C v — ► m e /m£ defined by b ^ (3 b for all b G B u is a Lie 
algebra isomorphism. As for the Lie cobracket, using the general identity 5 = A — A op 
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mod (m e 2 <S> F[r] + F[r] <g> m e 2 ) (written mod m| for short) we get, for all ti6N n 
d{P Xn ) = (A-A°P)(/3 x JmodtS = ((A-A°P)(x n )modft((^ v )'® (^ v )')) modm? = 
= ^a n A 1 + 1 A a n + a ™ A QZT™ M^j m °d ft (Wr ® Wr')) mod mj = 

= (&„ A 1 + 1 A (3 Xn + Y^'l, A <#T ra (&.)) mod ^ 2 = 

= (Er 1 E: I ( n "r 1 ) A - A ^ >w - ) ) mdi3 = 

= (e:: 1 , ( n "7 +l )&.-„APW(&.)) mod^ = 

E n — 1 /?1 — 771 + l\ v— \ n— 1 
m —-^ 1 X / ^ Xn ~ ™l A ^ x m / j £ ^ ^ ' ^ x i A ^ X n — P 

because — among other things — one has Pm\(3 X:t ) G m 2 for all A; > 1 : therefore 

, . x ,71—1 

S (^J = E, =1 ^ + 1 )^ A ^„_, V neN„. (10.3) 

Since C v is generated (as a Lie algebra) by the rr n 's, the last formula shows that the map 
\1/ : C u — ► m e /m e 2 given above is also an isomorphism of Lie bialgebras, q.e.d. 
Finally, the statements about gradings of {Hn^j should be trivially clear. 
(d) The part about Hopf algebras is a direct consequence of (a) and (b), noting that the 

is commutative. Then, taking spectra 

h=o 



x n 's commute modulo h{Hh)' , since {Tin, 

(i.e. sets of characters of each Hopf algebras) we get (functorially) an algebraic group 

morphism fx* : Gc v ► Q u , which in fact happens to be onto because, due to the special 

polynomial form of these algebras, each character of F [£„] does extend to a character of 
F [Gel] > hence the former does arise from restriction of the latter. 

(e) Due to the explicit description of F[G£*] coming from (a) and (b), mapping ^x n 

mod h (Tif^y^j I— > a n (for all n G N u ) clearly yields a well-defined Hopf algebra epimor- 

phism it: F[Gc*~\ (w.r.t. the trivial Poisson bracket on the right-hand-side) 

is again a routine matter. Then taking spectra gives a monomorphism 7r* : Q v c > Gel 

of algebraic groups as required. 

(f) The map /j is a section of it by construction. Then clearly tt* is a section of /j* , 
which implies Gel = §v x M v (with M v '■= Ker(p>*) <j Gel ) by general theory. 

(g) This ought to be clear from the whole discussion, for all arguments apply again - 
mutatis mutandis — when starting with /C instead of H ; details are left to the reader. □ 
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Remark : Roughly speaking, we can say that the extension F \Gv\ c ► F [Gc*] is 

performed simply by adding to F [Qv\ a free Poisson structure, which happens to be com- 
patible with the Hopf structure. Then the Poisson bracket starting from the "elementary" 
coordinates a n (for tiGN„) freely generates new coordinates {a ni , a n2 }, {{a ni , a n2 }, a nz } , 
etc., thus enlarging i 7 "^] and generating F[Gc*]- At the group level, this means that 
Q v freely Poisson- generates the Poisson group Gc* '■ technically speaking, new 1-parameter 
subgroups, which are build up in a "Poisson-free" manner from those attached to the a n 's, 
are freely "pasted" to Q v , thus expanding it and so building up Gc* • Then the algebraic 

group epimorphism Gc v » Q v is just a "forgetful map" : it kills the new 1-parameter 

subgroups and is injective (hence an isomorphism) on the subgroup generated by the old 
ones. On the other hand, definitions imply that F[G c l] / [{F [Gel] » F [ G cl] }) = F[Q U ] , 

and with this identification the map F[Gc*] » -^[^] is just the canonical map, which 

"mods out" all Poisson brakets {/i, / 2 }, for /i,/2 G F[Gx*] . 

10.9 Specialization limits. So far, we have already pointed out (by Proposition 10.5, 
Theorem 10.6, Theorem 10.8 fcj) the following specialization limits of Tin and {Hn)' '■ 

W ft v -5=^W, H h y —-^U{C„), (n h y )' F[Gcl] 

as graded Hopf k-algebras, with some (co-)Poisson structures in the last two cases. As for 
the specialization limit of (H-n 7 )' at ft = 1 , Theorem 10.8 implies that it is Tt. Indeed, by 
Theorem 10.8(b) H embeds into {Hn)' via a n i— > x n (for all tiGN^): then 

[a n ,a m ] = [x n ,x m ] = ft[x n ,x m ] = [x n ,x m ] mod (h-1) (Hn)' (Vn,meN„) 
whence, due to the presentation of (7Yft V ) by generators and relations in Theorem 10.8fa), 
(ftft V )' := {Hh)'/(h-l)('Hh / y = k(xi,x 2 , . . . ,x n , ...) = k(ai,a 2 , ...,a n ,...) 

(where c := c mod (ft— 1) (Tin)') as k-algebras, and the Hopf structure is exactly the 
one of H because it is given by the like formulas on generators. In a nutshell, we have 

as Hopf k-algebras. Therefore we got the bottom part of the diagram of deformations 
(5.5), corresponding to (5.3), for H = H (:= H u ) : it is 

or simply U(C V ) < — 0< ~ ft ~ >1 — > 7-^ < — — >■ F[Gr*l . Therefore H is intermediate 
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between the (Poisson-type) "geometrical symmetries" U(C U ) and F[Gc*], hence the geo- 
metrical meaning of the latters should shed some light on it; in turn, the physical meaning 
of H should have some reflect on the physical meaning of both U{C U ) and F[Gcl]- 

10.10 Drinfeld's algebra H h ' := (H[h}) . From now on we shall deal with Drinfeld's 
functors in the opposite order: first ( )', and then ( ) v . Like in §2.1, define Hfl := { rj G 
7-L h | 8 n (rj) G h n H h ® n V n G N } ( C H h ) . We shall describe H h ' explicitly, thus checking 
that it is really a QFA, as predicted by Theorem 2.2(a); then we'll look at its specialization 
at h = and at H = 1 , and finally we'll study (7~th) V an d its specializations at H = 
and h = 1 . The outcome will be an explicit description of (5.4) for H = H ( = H v , with 
v G NU {oo} fixed as before). 

Let D := D(H) = {£>n} neN = {Ker {5 n :H^ (H dii )® n ) } ne ^ be the Hopf algebra 
filtration of H as considered in §5.1. Then by Lemma 5.2, we have 

Hh = n%(H) := k[h] -Do + h k[h] ■D l + --- + h n k[h] -D n + --- 

so we only need to compute the filtration D . The idea is to describe it in combinatorial 
terms, based on the non-commutative polynomial nature of H . 
As before, we proceed in steps. 

10.11 Gradings and filtrations: Let <9_ be the unique Lie algebra grading of L v 
given by d-(ct n ) := n — 1 + 8 nj \ (for all ti6N„). Let also d be the standard Lie algebra 
grading associated with the central lower series of L v : in down-to-earth terms, d is defined 
by d{[- ■ ■ [[x Sl , x S2 ], . . . x Sk ]) = k — 1 on any Lie monomial of C u . Since both cL and d are 
Lie algebra gradings, their difference (<9_ — d) is a Lie algebra grading too. Let {i ? n } n6N 
be the Lie algebra filtration associated with the grading (<9_ — d); then the down-shifted 
filtration T := { T n := F n _i } n is again a Lie algebra filtration of C u . There is a 
unique algebra filtration on U(C U ) extending T, which we denote by © = {© n } neN ', as a 
matter of notation, we set also <9_i := {0} . Finally, for each y G U(C V ) \ {0} there is a 
unique r{y) G N with y G © T (y) \ @r(y)-i '■> i n particular, we have r(6) = d-(b) — d(b) , 
T(bb') = r(b) + r(b') and r([b, b'\) = r(6) + r(b') - 1 for all 6, b' G B v . 

We can explicitly describe ©_. Indeed, let us fix any total order ^ on the basis B v of 
§10.2: then X := j b := b x ■ ■ ■ b k k G N , h, . . . , b k G B v , b x ■< ■ ■ ■ ■< b k | is a k- 
basis of {/(£„), by the PBW theorem. It follows that © induces a set-theoretic filtration 
*= {*n} nm of X with X n := Xf]© n = {ft :=6i---6 fc | k G N, b u ...,b k eB„, b x ^ 

■ ■ ■ dib k , t(6) = r(6i) H hr(6fc) < n | , and also that @ n = Span (X n ) for all n G N. 

Let us define cki := ai and a n := a n — ai n for all n G \ {1} . This "change of 
variables" — which switch from the a n 's to their "differentials", in a sense — will be the 
key to achieve a complete description of the filtration D_ ; in turn, this will pass through a 
close comparison among H and U(£ u ) . 
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By definition H = H u is the free associative algebra over {a n } n6Ni ,, hence — by defini- 
tion of the a's — also over {oc n } n& ^ v ; so we have an algebra isomorphism $ : 7i c — » U(C V ) 
given by a n i— > x n ( V n G N„ ). Via $ we pull back all data and results about grad- 
ings, nitrations, PBW bases and so on mentioned above for U(C U ) ; in particular we set 
a.b := ®(xb) = ■ • • aft,, (for all b±, . . . , b k G B u ), „4 n := $(A' n ) (for all n G N ) and 
„4 := = UneN • For gradings on H we stick to the like notation, i.e. <9_, d and r , 

and similarly for the filtration . 

Finally, for all a G H\{0} we set also k (a) := k iff a G D k \D k -i (with L>_i := {0} ). 

Our goai is to prove an identity of {titrations, namely ID = , or equivalently k = r . In 
fact, this would give to the Hopf filtration I), which is defined intrinsically in Hopf algebraic 
terms, an explicit combinatorial description, namely the one of explained above. 

Lemma 10.12. For all l,tGN, t>l, we have (notation of §10.11) 

Zf(a*):= (qJM-^W) G0 t _! and Q^)G0 f \0 t _ 1 . 

Proof. When £ = 1 definitions give Qi(a*) = (^+1) ai G 6>i and so Zf (a*) = (^+1) ai — 
(^j 1 ) ai = G 6> , for all £ G N. Similarly, when £ = we have Q°(a*) = a t G t and 
so Z t °(a*) = a. t - (i) ai* = a ( G 6> t _i (by definition), for all t G N+ . 

When £ > and t > 1 , we can prove the claim using two independent methods. 

First method : The very definitions imply that the following recurrence formula holds: 

Qf(a*) = Qt'M + y;*~'<9t;(a*)a fl + a t V £ > 1 , t > 2 . 

' ' s=l 

From this formula we argue 

Zf(a.) := Qf(au) - (<+*) a^ = Q^a*) + E£=l<9t-J( a *) + a, - (<+*) ai * = 

= Zt'M + t\ +t )^ + Et\ {ZIZIM + t^T 8 )^- 8 ) a s + a t - (*>i* = 
= Z^a*) + a/ + Eti^Cau) (a. + a^) + 

+ (EUftir)-cr))«i t = 

= Z^a*) + EtlzfcKa*) (« s + «i s ) + EtiH-I"') + 

because of the classical identity (^*) = E*=o (^7-10 • Then induction upon I and the 
very definitions allow to conclude that all summands in the final sum belong to 0t-i, hence 
Zf(ct*) G t -i as well. Finally, this implies Q l t (a*) = Zf(a*) + ot^ G t \ 0t-i ■ 
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Second method: Qf(a,) := £Li P t {s) M = E!=i E, , >0 a 

jlH — hj s = t 



by definition; then expanding the a/s as ai = qi and a^ = ctj + Qi J (for j > 1 ) we find 
that (3f(a*) = (ck* + is a linear combination of monomials • • 'O^) with 

ji, . . . , j s > , ji + • ■ -+j s = * 7 e {"jr' CK i Jr } f° r ah r • Let Q_ be the linear combi- 

nation of those monomials such that (a^), c*(j 2 ), • • • , a (j s )) (o^S dr 7 ' 2 , • • • , cki 73 ) ; for 
the remaining monomials we have atj 1 ■ ctj 2 ■ ■ ■ atj s = cur 71-1 = ol\ , hence their linear 
combination giving Q + := Qf (a*) — Q- is a multiple of a^, say Q + = N at* . 

Now we compute this coefficient N . First, by construction N is nothing but N = 
QtO-*) = Qt (1> 1> • • • > 1> • • • ) where the latter means the (positive integer) value of the 
polynomial Q\ when all its indeterminates are set equal to 1. Thus we compute . 

Recall that the Q|'s enter in the definition of the coproduct of F[£ dlf ]: the latter is 
dual to the (composition) product of series in (? dlf , thus if {a n } n6 N + and {& n }neN + are two 
countable sets of commutative indeterminates then 

(^+E:r i an^ +1 )o(a:+E:= 1 ^^ +1 ) := 

(/ +oo \ +oo , +oo \ n+l\ +oo 

(x + E b m x m+1 )+ £a n (x + E b m x m+1 ) = x + J2c k x 

v m=l 7 n=l v m=l 7 / fc=0 



fc+1 



with Cfe = Ql(K) + Er=i a r ' Qk- r (b*) (cf. §10.2). Specializing at = 1 and a r = for 
all r^f we get c t+ ^ = + Q|(&*) = &t+^ + Qi(K) . In particular setting 6* = 1* 

we have that 1 + Q\ (1*) is the coefficient Q+t of x t+t+1 in the series 

(*+* m )°(*+E:=!* m+i ) = 

= (x + x e+1 ) o (x ■ (1 - x)' 1 ) = x-(l-x)~ 1 + (x ■ (1 - x)' 1 )^ 1 = 

— Z^m=0 X ~T X ^Z^m=0 X y ~~ Z^m=0 X ~T X Z^n=0 I < ) X ~ 

= Eto* s+1 + ES(i+0) 



x s+1 ; 



therefore 1 + = C£+ t = 1 + (*|*) , whence Qf(l*) = (^*) . As an alternative 

approach, one can prove that = (^*) by induction using the recurrence formula 

Qi (x*) = Qj-^x*) + E!=i Qfcl (x*) x s + x t and the identity ('+*) = ELo (%') • 
The outcome is AT = = (for all t, £), thus Qf (a,) - a t = Q_+C} + - 

a t = (5_+A^a t -(^+*) a t = C}_ . Now, by definition r(a Jr ) = >-l and r(ai jV ) = 
j r . Therefore if at(j r ) G {ct jr , ati Jr } (for all r = 1, . . . , s) and (a^), ot( h ), . . . , a( Js )) 7^ 

(ar il ) ai j8 , • • • , «i Js ) , then r (at (jl) ■ ■ ■ at (js) ) < j 1 + h j s - 1 = £ - 1 . Then by 

construction r(Q_) < £ — 1 , whence, since Zf(ct*) := Q|(a*) — ( t*) a t = Q_ , we get also 
r(Zf (a*)) < *-l , i.e. Z|(a*) G t _i , so Qf(a*) = (a*) + ai* G t \^t-i ■ D 
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Proposition 10.13. is a Hopf algebra filtration of H . 

Proof. By construction (cf. §10.11) O is an algebra filtration; so to check it is Hopf too 
we are left only to show that (*) A(0 n ) C J2 r+s=n O r <S> O s (for all n 6 N), for then 
S(O n ) C O n (for all n) will follow from that by recurrence (and Hopf algebra axioms). 

By definition Oq = k ■ l w ; then A(l w ) = l n £g) l w proves (*) for n = . For n = 1 
definitions tell that 6>i is nothing but the direct sum of Oq with the (free) Lie (sub) algebra 
(of H) generated by o^}- Since A(ai) = ai<g>l + l<g>a:i and A(ck 2 ) = 1 + 1 (8)0:2 
(directly from definitions) and since 

A([x,y]) = [A(x),A(y)] = £(*),(„) ( [^(1) , 2/(i)] <E> z (2 )2/(2) + ^(i)2/(i) ® fc(2), 2/(2)]) 

(for all x,y EH) we argue that (★) holds for n = 1 too. 

Further on, for every n > 1 we have (setting Qq (a*) = 1 = a for short) 

A(a„) = A(a n )-A( ai ") = ELo a* ® Q*_ fc (au) - ELo Oai*^""* = 

= E*=2«*®Qi-*(a*) + Yr k Zl<*i k ®Z k n _ k {cc*) 

hence A(a n ) G E r +s=n-i ^r<X>0 s due to Lemma 10.12 (and to a m E <9 m _i for m > 1 ). 

Finally, as A (fx, y]) = [A(x), A(y)] =E(x),( y ) (Ki) 5 2/(i)]®£(2)2/(2)+£(i)2/(i)®[£(2), 2/(2)]) 
and similarly A(xy) = A(x)A(y) = E(x),( y ) x (i)2/(i) ® ^(2)2/(2) (for x,y E U), we have 
that A does not increase (<9_ — d) : as O is exactly the (algebra) filtration induced by 
(<9_ — d ) , it is a Hopf algebra filtration as well. □ 

Lemma 10.14. (notation of §10.11) 

(a) k(o) < d(a) for every a ETi \ {0} which is d (a) -homogeneous. 

(b) k (a a') < k (a) + k (a') and k ([a, a']) < k (a) + k (a') /or 0// a,a' EH\ {0} . 
fc) «; (a n ) = d-(a n ) = r(et n ) /or all n E N„ . 

(d) k ([a r , a s ]) = d-(a r ) + d-(a s ) — 1 = r([a r , a s ]) /or aZZ r, s EN U with r ^ s . 

(e) k (a b ) = d_(a b ) - d(a= 6 ) + 1 = r(a 6 ) /or every b E B u . 

(f) K(a bl a. b2 ■ ■ ■ OL hl ) = T(ct bl a b2 ■ ■ ■ a. be ) for all 61,62, • • • ,h E B v . 

(g) K([a bl ,a b2 ]) = K(a bl ) + K(ot b2 ) - 1 = r([oi bl ,a b2 }) , for all b 1 ,b 2 EB„. 

Proof, (a) Let a E H\{0} be <9(a)-homogeneous. Since H is graded, we have d(8i{a)) = 
d(a) for all £; moreover, 5i(a) E J® e (with J := Ker(en) ) by definition, and d{y) > 
for each d-homogeneous y E J\ {0} . Then 5g(a) = for all £ > d(a) , whence the claim. 

(b) This is just a reformulation of Lemma 3.4(c). 

(c) By part (a) we have «(a n ) < <9(a n ) = n. Moreover, by definition o~ 2 (a n ) = 
E£=i afc<8)(5n_fe(a*) , thus 5 n (a n ) = (on_i®Oi) (5 2 (a n )) = YJiZi 5 n -i{&k)®b~i {Qt-kM) 
by coassociativity. Since o"^(a m ) = for £ > m , <5i _1 (a H< ) = nai and o~i(ai) = ai , we 
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have 8 n (sL n ) = 5 n -i(& n _ 1 ) <g> (nai) , thus by induction S n (a n ) = n\ &i® n 0), whence 
n(a n ) = n . But also 5 n (&i n ) = n\ . Thus 5 n (ot n ) = 5 n (a n ) - 5 n (&i n ) = for n > 1 . 
Clearly n(cxi) = 1 . For the general case, for all £ > 2 we have 

g—i 

which, thanks to the previous analysis, gives 

^_i(a £ ) = ^_ 2 (a £ _ 2 ) ® l)a 2 + ^ 2 1 ^ ai 2 ^ + fc_ 2 (a*_i) <g> £&! = 

= (£-1)1- a^" 2 ) ® (a 2 + -^i • a^ + £ • ^_ 2 (a,_!) ® ai . 

Iterating we get, for all £ > 2 (with (I" 1 ) := , and changing indices) 

^(a,) = Y!~\ ~4t ■ a i 8(m_1) ® f a 2 + ^^f 1 ' a! 2 ) ® ai « 
■^^m=i m + 1 \ 2 / 

On the other hand, we have also 

fc-iM = E'" 1 ^• a ^ (m " 1) ® a i 2 ® a ^" 1_m) - 



-1-m) 



Therefore, for 5 n _i(o; n ) = 5 n _i(a n ) — 5 n _i(ai n ) (for all nGN„, n > 2) the outcome is 
*„_!(<*„) = V n_1 -4- • ax®^" 1 ) ® (a 2 - ai 2 ) ® a^"- 1 —) = 

■^^m=l m + 1 



(10.5) 

i n! 

+ 



^— 'm=l m + 1 



ai O(m-l) a2 a ®(n-l-m) 



in particular 5 n -i(a n ) ^ 0, whence ct n -D n _ 2 and so K,(a n ) = n — 1 , q.e.d. 

(eZ,) Let r^l^s. From (b)-(c) we get «;([a r , a s ]) < K(a r ) + K(a s ) = r + s — 2 . In 
addition, we prove now that 5 r+s _3 ([a r , a s ]) 7^ 0, which yields (d). Lemma 3.4(b) gives 

5 r+s _ 3 ([o: r ,Q: s ]) = ^ [8A(otr),6Y(a a )] = ^ [j^r-l(ot r ))j Y (S s -l(ot s ))]. 

AUY={l,...,r+s-3} AUY={l,...,r+s-3} 

Any/0 Any^0, |A|=r-i, |y|=s-i 

Using (10.5) in the form <^_i(a^) = Xlmii y-«2®ai®^~ 2 ^ + ai®% (for some G H), 
and counting how many A's and F's exist with 1 e A and {1, 2}CF, and — conversely 
— how many of them exist with {1,2} C A and 167, we argue 

5 r+s - 3 ([ct r , ct s ]) = c rjS -[a 2 , «i](g)Q: 2 (g)ai® (r+s ~ 5) + oc^fi + OL 2 ®(p 2 + [«2, c*i]®ai 
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for some ^.^e n®(r+s-4) , ip G n^ r+s ~ 5) , and with 

In particular 5 r+s _3 ([a n a s ]) = c rjS • [02, ai] ® 0:2 <8> a 1 ®( r+s ~ 5 ) + l.i.t. , where "J.i.t." 
stands for some further terms which are linearly independent of [0:2, cki] <S>ai2 <8> ai®*- r+s_5 - ) 
and c rjS 7^ . Then 5 r _|_ s _3 ([a r , a s ]) 7^0, q.e.d. 

Finally, if r > 1 = s (and similarly if r = 1 < s) things are simpler. Indeed, again (b) 
and (c) together give «([a r , «i]) < «(a r ) + k(q;i) = (r — 1) + 1 = r , and we prove that 
5 r -i ([a r , ai]) 7^ . Like before, Lemma 3.4 f&j gives (since 5i(ai) = Qi ) 

r-l 

<J r _i([a r ,ai]) = ]T [<y A («r),M"i)] = ^ [<5,-i(a r ), l®**" 1 )®^®!®''- 1 -*)] = 

Auy={l,2,...,r-1} k=1 
AnY"/0, |A|=r-l, |Y"|=1 

r-l ( 

= V ■ a!®^- 1 ) <g> [a 2 , ai] <g> Qi®^- 1 -™' 7^ , q.e.d. 

^— ' m + 1 

m=l 

(e,) We perform induction upon d(6) : the cases d(b) = and d(b) = 1 are dealt with 
in parts (c) and (d) of the claim, thus we can assume d(b) > 2 , so that b = [b',xg\ for 
some £ G N u and some other 6' G .£?„ with d(fe') = d(6) — 1 ; then r(afe) = r([av, a^]) = 
r(ctb') + t{q.() — 1 , directly from definitions. Moreover r(a^) = k (ocg) by part (c), and 
r(o:fc') = k(cx.jj') by inductive assumption. 

From (b) we have /t(a;,) = ^([aj,/, a^]) < k(ck&') + ft(a^) — 1 = T(a&') + r(a^) — 1 = 
r(ctb) , i- e. «(a&) < r(a&) ; we must prove the converse, for which it is enough to show 

<*r(« 6 )(a&) = c 6 -[-[[Qi,Q 2 ],Q 2 ],...,Q 2 ]®a 2 ® ai 8 ( T ^- 2) + J.i.t. (10.6) 

N v ' 

d(b) + l 

for some c& G k \ {0} , where "J.i.t." means the same as before. 

Since r(a&) =r([a(,/,a^]) = r(av)+£ — 2, computation via Lemma 3. 4(b) gives 

&r(a 6 )(a&) = 5 T (a b )([a b /,a£]) = ^ [<5 A ("6' ) , $Y (a*)] = 

AUV={1 t(oi)} 

E [jA(*T(a 6 ,)(a6'))»jV(^-i(a^)] = 

Auy={l,..,r(a t )} , Anv/0 
|A|=r(a 5 ,) , \Y\=£-1 

= E M c <>' [ • • • [ ai, « 2 ] , ■ ■ ■ , 02 ]0a 2 ®ai 8(TM - 2) ), jV(4f a 2 ®ai®«- 2 >)] + l.i.t. = 



Auy={l,...,T(a b )}, AnY^0 d (6M+i 
|A|=r(« 6 ,), |V|=*-1 



= C 6 / • 



T ' ( T( £ - 2 ^ ^ [ [ ^ ^ ' K Q 2]^2],.,a 2 ],a2 ] ® a 2 ® ai^- 2 ) + J.i.t. 



d(6')+l+l = d(6)+l 
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(using induction about ot b '); this proves (10.6) with c b = c b > ■ -y- • ( r< ^2~ 2 ) ^ 0- 
Thus (10.6) holds, yielding 8 T ^ ab ^{Q. b ) 7^ 0, hence ^(q;^) > r(a b ) , q.e.d. 
f/J The case £ = 1 is proved by part fej, so we can assume £ > 1 . By part (b) and the 

case £ = 1 we have k (oc bl a b2 • • • a be ) < YL%=\ K i^h ) = J2i=i T ( OL b i ) = r(a bl a b2 ■ ■ ■ oc b( ) ; 

so we must only prove the converse inequality. We begin with £ = 2 and d(bi) = <i(6 2 ) = , 

so ct bl = a r , a b2 = a s , for some r, s EN U . 

If r = s = 1 then «(a r ) = k(o: s ) = k(qi) = 1 , by part fcj. Then 

5 2 (aiai) =5 2 (aiai) = (id - e)® 2 A(ai 2 ) = 2 • ai <g> ai = 2 • t*i <g> ai ^ 

so that k(o:i cki) > 2 = k(qi) + k(o=i) , hence k(o:i eni) = k(cxi) + k(qi) , q.e.d. 

If r > 1 = s (and similarly if r = 1 < s) then ft(ai r ) = r — 1 , k(cx s ) = K,(cti) = 1 , by 
part (c). Then Lemma 3.4(b) gives 

5 r (a r a:i) = V" 5 A (a r ) 5y(ai) = 

^ Auy={i r} 

|A|=r-l, \Y\ = 1 



m=l fc<m 



X 



X 



IX 



+ y y —— ■ (a^" 1 ) <g> a 2 <g> ai ®(fc-i-^) ® 1 ai «8(r-i-*)) . 
^— ' m + 1 y 

m=l fc>m 

x (l®< fc - 1 ><g>ai<g>l®( r - fc >) = 

= y — — — • ai® (m - 1} ® a 2 ® ax®^- 1 -^ ^ 

so that «;(a r «i) > r = «(a r ) + K(ai) and so K,(ot r aci) = K,(ct r ) + k(oci) , q.e.d. 

Finally let r, s > 1 (and r^«). Then «(a r ) = r — 1 , «(a s ) = s — 1 , by part (c); 
then Lemma 3.4 f&j gives 

5 r+s - 2 {oL r ol s ) = y ^A(ot r ) ■ S Y (ot s ) = y J A (5 r _i(o: r )) • jy(5 s _i(a s )) . 

AuY={l,...,r+s-2} Auy={l,...,r+s-2} 
|A|=i — 1 , |Y|=s-l |A|=r-l, |Y|=s-l 

Using (10.5) in the form 5t_i(a t ) = X)m=i 4^- • £* 2 ® ai®*-* -2 ) + ai (g) 77^ (for some rjt E H 
and t G {r, s} ) and counting how many A's and Vs exist with 1 G A and 2 6 F and 
viceversa — actually, it is a matter of counting (r — 2, s — 2) -shuffles — we argue 

<5 r+s _ 2 (ai r a s ) = e r , s • o: 2 ® a 2 (g> ai® (r+s ~ 4) + ai 

for some </? G 7^®( r + s - 3 ) and with 

r! s! ffr + s-4\ /s + r-4\\ r! s! /V + s - 4\ 
e - = T'T ' ( ( r-2 + .-2 = — ' r-2 > ^° 
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In particular S r+s - 2 (ot r a s ) = e rjS • ol 2 <S> ol 2 <8> a 1 ®( r+s ~ 4 ) + l.i.t. , where "i.i.t." stands 
again for some further terms which are linearly independent of ol 2 <E> ct 2 <8> o; 1 (gl ( r + s_4 ) and 
e r>s 7^ . Then 5 r+s _ 2 (a r ck s ) 7^ , so K(ct r ai) > r + s — 2 = «(a r ) + Av(c*i) , q.e.d. 

Now let again £ = 2 but d{bi),d(b 2 ) > 0. Set := ^(ai&J for i = 1,2. Applying 
(10.6) to b = bi and b = b 2 (and reminding r = k) gives 

5 K1+K2 (a &1 a 62 ) = 5 A (a bl )5 Y (o> b2 ) = ^ 3\ ( a &i)) jV (5« 2 (a& 2 )) = 

Auy={l,...,/ti+« 2 } AuF={1,..,ki+k 2 } 

|A|=Ki, |y|=K 2 



E JA (c bl •[•••[ [Qi,a 2 ],a 2 ],...,Q2] <8> a 2 <g> ai 8(Kl 2) + l.i.t. ) 



X 



Auy={l,...,Ki+K 2 } d(6i)+l 

|A|=«i, \Y\=K2 



x j y (c b2 •[•••[ [ ai, 021,02], •••,02 ] <E> «2 ® a® (K2 2) + 1-i.t. ) 



d(b 2 ) + l 



o /ki + k 2 -4\ 
= c bl c b2 .2^ jx 

x [ • • • [ [on, a 2 ], a 2 ], . . . , a 2 ] ® [ • • • [ [a 2 , ai], a 2 ], . . . , Q 2 ] ® a 2 ® a: 2 ® ai® (Kl+K2 ~ 4) + J.i.t. 

N v ' N v ' 

d(6i) + l d(6 2 ) + l 

which proves the claim for £ = 2 . In addition, we can take this last result as the basis of 
induction (on £) to prove the following: for all b := (61, . . . , be) E Bj , one has 

^l(lW) = cfc f ® [ • • • [ «2], a 2 ], • • • , aa ] ) a 2 ®* q^dal-") + l.i.t. (10.7) 

for some c b G k\{0} , with |k| := X^=i K i an<1 K i := K ( CK & 1 ) (*=l,---,-0- The induction 
step, from £ to (£ + 1), amounts to compute (with := Av(a^ ) ) 

<5|«|+« <+1 («6i •••"6, -«6, +1 ) = M a 6i • ■ ■a be )8 Y {ci be+1 ) = 

Auy={i,...,|«|+^+i} 

Yl JA($\K\(oi bl •••a 6 J) ■ jY(S Ki+1 (a bi+1 )) = 

AUY={1,...,\K\+K e+1 } 
|A| = |«|,|Y|=k/+i 



E J'aU_- ® [...[[ai,a 2 ],a 2 ],...,a 2 ] ®a 2 ^®ai®^l- 2 *) + l.i.t. x 



Auy={i,...,|K|+K, +1 } \ d(6i)+i 
|A|=|/£|,|y|=K £+1 



X j Y (c be+1 ■[■■■[[ Qi,Q 2 ],Q 2 ],...,Q2 ]8a 2 8Qi^ +1 2) + l.i.t.) = 

d(6 £+1 ) + l 
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= c b _c be+1 ■(£+!) + If + 1} ) • f (g) [ • • • [ [ ax.aa],^],...,^; 

* d(bi)+l 

® [ • • • [ [ai, a 2 ] , a 2 ], . . . , a 2 ] ® a 2 ®<' +1 > ® c^^^" 2 + J.i.t. 



d(6 £+ i)+l 



which proves (10.7) for (6,6 m ) with c {b _ M+l) = c b _c be+1 ■ (£ + 1) ( l - l+#s f+| 1 _" 2 2 ^ +1) ) ^ 0. 
Finally, (10.7) yields 8\^\ (a bl ■ ■ ■ ot b J 7^ , so Av(a bl • • • ot be ) > Av(a 6l ) H h /<a=^ ) , q.e.d. 

(g) Part fdj proves the claim for d{b\) = <i(6 2 ) = 0, that is 61,62 £ {^n} neN - More- 
over, when 62 = x n G {a; m } meNj we can replicate the proof of part (d) to show that 
K([ot bl , <Xb 2 ]) = K ([ a bn a n]) = 9_([a6j,a„]) — d([a6 i; a n ]) : but the latter is exactly 
r([oL bl ,OL b2 }) , q.e.d. Everything is similar if 61 = x n G {x m } m6N ^ . 

Now let 61, 6 2 G B u \{x n } n£Nv . Then f&J gives kQo^, a &2 ]) < k (ck 6i ) + k (a b2 ) - 1 = 
r([afe 1 , CK6 2 ]). Applying (10.6) to 6 = 61 and 6 = 62 we get, for := ^(ck&J (i = 1,2) 

5 Kl+K2 _i([a6 1 ,a b2 ]) = ^2 [<^a("6 1 ),^(q:6 2 )] = 



AUy={l,...,Kl+K 2 -l} 



[iA(^i(«bi)) 5 J^(^ 2 ( Q; b2)) = 



AUK={l,...,Ki+K 2 -l} 

|A|=Ki, |y|=K 2 



5^ Ja (c 6l •[•••[ [ ai,a 2 ],a 2 ],...,a 2 ] <g> a 2 <g> «i 8(ki 2) + J.i.t. ) x 



Auy={l,...,Ki+K 2 } d(6i)+l 
|A|=ki, |y|=« a 



x Jyfo, 2 ■[•■•[[«!, a 2 ], a 2 ],...,a 2 ] ® a 2 ® 2 } + i.J.t.) 

d(b 2 ) + l 



'k\ + k 2 - 4 
c bl c &2 • 2 ( _ 2 ) x 



X 



[[•••[ [ai, a 2 ], a 2 ], a 2 ],[•••[ [ai, a 2 ], a 2 ], a 2 ]] ^qj^^^Q! 8 ^^ 2 4 ) + J.i.t. 



v ' ■ v 

d(6i)+l d(b 2 )+l 



(note that d(bi) > 1 because 6j G" { x n | n G Nj, } for i = 1,2). In particular this means 
<y M +K 2 -i ([<*&!, a^]) 7^ 0, thus Av([a fel ,a b2 ]) > Av(a 6l ) + «(a b2 ) - 1 = r ([a 6l , a& 2 ]) • □ 

Lemma 10.15. Let V be a k -vector space, and V e Hom k (V, V A V) . let £(V) 6e t/ie 
free Lie algebra over V , and ipdc £ Hom^(C(V), £(V) AC(V)) the unique extension of ip 
from V to C{V) by derivations, i.e. such that ipdc\ v = fp and ipdc([x,y]) = [x<S>l + l<E>x, 
tpdc(y)] + [ipdc(x), y(g)l + l(g)y] = x.ipdc(y)-y-ipdjc(x) in the C(V)-module C(V) AjC(V) , 
V x, y G C(V) . Let K := Ker(tp) : then Ker (V><£c) = > ^he free Lie algebra over K . 
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Proof. For each z G C(V) set z® := z <g) 1 + 1 <E> z . Let i" be a complement of 
K inside V, so that V = K © I, and is injective while = Ok- Let 

and Bi be bases of K and I respectively; then there is a basis of C(V) made of Lie 
monomials of the form Xi := [[•••[••• [[x ii; x; 2 ] , x i3 ] . ..,x is ] . . . , x ifc _J , x ifc ] (with i = 
(ii, Z2, *3, • • • , i s , • • • , ifc-i, ifc) ) for some x^ r G -B^ U : for these Lie monomials defini- 
tions yield ^0* ) = E, is eSj [[ • • • [ • • • [ [xg,xg] , z ®] . . . , ^J] . . . , x®_J, s ®] . In 
addition, since t/>| 7 is injective the set { 2® } 2(EB/UBk U (V'(^) j^b, i s linearly independent. 
Then the set of all Lie monomials y L := [[•••[•• •[[!/£ , y£ ] , 2/ * 3 ] • • • , V *] • • • , V* k _J , 2/ *J 
with the same i 's which give the basis of £(V) and with y* G {x®, -i/>(xj)} is again a lin- 
early independent set inside C(V) A £(V) . Therefore, for a general x = J2 i qx, G C(V) 

we have ^0*) = E^E^b, [[ •••[••• IM,*S] » *®1 ••• M*.)] •• ~ > 5 

thus if ipdc(x) = we necessarily have q = for all i which sport at least one x^ s G £?/ . 
The outcome is that x G Ker(tfjdc) implies x = Ei- Xi eB K (v s) c i x i e ^(^0 > thus 
Ker(ifjdc) Q C{K) , and the converse inclusion is clear because ipac is a derivation. □ 

Lemma 10.16. The Lie cobracket 5 of U (C v ) preserves r . That is, for each $G U{C V ) in 
the expansion Siifi) = Eh h 2 eB c &i,& 2 OL ki® OL k2 ( w - r -t- ^ e ^osis B(g>IB , where M is a PBW 
basis as in §10.2 w.r.t. some total order of B v ) we have r(b 1 )+T(b 2 ) = t($) for some b 1 , 
b 2 with %i 2 ^0, so t(6(0)) := max {t^) + t(6 2 ) | c^, ^ 0} = t(0) if S{&) ^ . 
Proof. It follows from Proposition 10.13 that r(<5(0)) < r(#) ; so 5 : U{C„) — ► U(C U )® 2 
is a morphism of filtered algebras, hence it naturally induces a morphism of graded algebras 

5: Cr@ ({/(£„)) > Gq_(U(£ u ))® 2 (notation of §§5.3-4). Therefore proving the claim 

is equivalent to showing that Ker (S) = Gq nKer tg\[Ker (5)) =: Ker (5) , the latter being 
thought of as naturally embedded into Gq_(U(£ u )) . 

By construction, r(x y—y x) = r([x,y]) < r(x)+r(y) for x, y G U(C U ) , so Go(U(C u )) 
is commutative: indeed, it is clearly isomorphic — as an algebra — to S(V U ), the symmetric 
algebra over V v . Moreover, 5 acts as a derivation, that is S(xy) — S(x) A(y) + A(x) S(y) 
(for all x, y G U(C V ) ), thus the same holds for 5 too. Like in Lemma 10.15, since 
GojU^vj) is generated by Gq^cA^u) ='■ £ v it follows that Ker (S) is the free (asso- 
ciative sub)algebra over Ker (^5 |— j , in short Ker ($) = (Ker (^5 |—)^ • 

Now, by definition S(x n ) = E"=i + ^) x t ^ x n-t (cf. Theorem 10.6) is a sum of 
r- homogeneous terms of r- degree equal to (n — 1) = r(x n ) . Since in addition 5 enjoys 
5([x,y]) = [x (8) 1 + 1 <g> x,8{y)\ + [8(x),y <8> 1 + 1 <8> y] (for all x, y G £^ ) we have 
that 5| £ is even r- homogeneous, which means that 8(r(z)) either is zero or can be 
written as a sum whose summands are all r- homogeneous terms of r-degree equal to 
t(z) , for any r-homogeneous z G C v \ this implies that the induced map 5 l^— enjoys 

8 \— (tf) = 5(7?) = for any $ G C u , whence Ker (5 = Ker (6\ ) . On the 

upshot we get Ker (5) = <^Ker ^5 Iz - )) = (-^ er (^l/: ) ) = -^ er (^) > q-e.d. □ 
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Proposition 10.17. D = 0, that is D n = n for all n G N , or k = r . Therefore, 
given any total order ■< in B v , the set A< n = A H n = A H D n of ordered monomials 

A< n = | ct k = a bl ■ ■ ■ a bk k G N, h, . . . ,b k G B v , bi ■< ■ ■ ■ ■< b k , r(b) < n } 

is a k-basis of D n , and A n := (A< n mod -D n _i) is a k-basis of D n / D n _i (\f n G N ). 

Proof. Clearly the claim about the *4.< n 's and the claim about the A^s are equivalent, and 
either of these claims is equivalent to D = O. Note also that A n '■= (A< n mod D n _i) = 
(A< n \ A< n -i mod D n -i) , where clearly A< n \ A< n -i = { ctb G A \ r(b) = n } . 

By Lemma 10.14(f) we have A< n = Af]O n C Af]D n C D n ; since .4. is a basis, ^4< n 
is linearly independent and is a k-basis of <9 n (by definition): so <9 n C D n for all n G N. 

n = : By definition Do := Ker(di) = k • l u =: Oq , spanned by A<o = {l w } , q.e.d. 

n = 1 : Let ?/' G L>i := Ker(5 2 ) . Let 1 be a PBW-like basis of Hn = U{C V ) as 
mentioned in Lemma 10.16; expanding rj w.r.t. the basis A we have rj' = ^2 abe _A c b a b = 
Y^beM c b a b- Then we have also n := rj' -J2 T (b)<i c b a b = J2 T (b)>i c b a b G D\ because 
ctb G Ai C 0i C £>! whenever r(6) < 1 . 

Now, cti := a! and ai s := a s — ai s = h (x s + /i s ~ 1 x 1 s ) for all s EN U \ {1} yield 

^ = J2beB,T(b)>i c b<*b = J2beM,r(b)>i hg(k) c k (xb + frXb) G H h v 

for some x& G 7ifr V : hereafter we set g(b) := k for each b = bi---bk G B (i.e. #(6) is the 
degree of b as a monomial in the b^s). If 77 7^ , let <7o := min { (7(6) | r(6) > 1 , Cb 7^ } ; 
then 00 > , r]+ := h~ 9 » 77 G \ 7m ft V and 

^ W = E W = E CbX k E H h w IhUrC = U(C V ) . 

g(b)=g g{b)=g a 

Now <5 2 (77) = yields £2(17+) = °, thus E 3 (6)= go c ^ = ^+ G P ( U (£")) = 
therefore all PBW monomials occurring in the last sum do belong to B u (and go = 1 ). 
In addition, 62(1]) = also implies S 2 (ri + ) = which yields also S(lf^) = for the 
Lie cobracket 5 of L v arising as semiclassical limit of A nf y (see Theorem 10.6); therefore 
Jf+ = J2beB„ °b x b is an element of C v killed by the Lie cobracket 5, i.e. ~rf+ G Ker (5) . 

Now we apply Lemma 10.15 to V = V v , CCV) = C(V V ) =: C u and ip = 5\„ , so 
that ipdc = 5- From the formulas for 5 in Theorem 10.6 we see that K := Ker (if)) = 
Ker (fi\ v j = Span ({xi, X2}) , hence C(K) = C(Span ({x±, x 2 })) : by definition the last 

space is nothing but Span ^{ Xb \ b G B v ; r(6) = 1 } j , thus eventually via Theorem 10.6 
we get Ker (5) = C(K) = Span ({x b \beB v ; r(6) = 1 }) . 

Since JJ+ G Ker (5) = Span ({ Xb\b E B„ ; r(b) = 1 }) we have T7+ = Yl CbXb] 

t(6)=1 

but Cb = whenever r(6) < 1 , by construction of rj : thus 77+ = , a contradiction. The 
outcome is 77 = , whence finally 77' G &\ , q.e.d. 
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n > 1 : We must show that D n = O n , while assuming by induction that D m = O m for 
all m < n. Let n = Y^ beB c k c "-b G D n ; then t(t)) = max { r(b) | c b 7^ } . If <5 2 (?7) = 
then rj E Di = &i by the previous analysis, and we're done. Otherwise, 62(1]) 7^ and 
t(^2(??)) = t(t]) by Lemma 10.16. On the other hand, since D_ is a Hopf algebra filtration 
we have 5 2 (??) G Y] D r ® D s = Y] O r ®O s , thanks to the induction; but then 

— 'r+s=n ^— 'r+s=n 
r,s>0 r,s>0 

T (d2(v)) < by definition of r. Thus t{t]) = t(#2(?7)) < ^ 5 which means 77 G 6> n . □ 

Theorem 10.18. For any b E B v set a b := ft ct b = h T{ > b) a b . 

(a) The set of ordered monomials 

A< n := I a b := a bl ■ ■ ■ ac bk k E N , b u . . . , b k E B , b x ■< ■ ■ ■ ■< b k , k (a b ) = r(b) < n } 
is a k[h]-basis of D' n = D n (Hn) = h n D n . So A: = \J ne ^A< n ^ s a k[h]-basis of Hn ■ 

(b) Hn = k[h] ({«6} 6e ^)/(^{ [a 6l ,a 6a ] -ha [blM | V6i,6 2 e ^ . 
fc) 7Ya is a graded Hopf k[h]-subalgebra of Hn . 

(d) Hn := Hn hHn = H = ^[ii*] , where Fc v is a connected Poisson algebraic 
group with cotangent Lie bialgebra isomorphic to C v (as a Lie algebra) with the graded Lie 
bialgebra structure given by S(x n ) = (n — 2) x n -\ A x\ (for all n E N u ). Indeed, Hn 

is the free Poisson (commutative) algebra over N„ , generated by all the et n := a. n 
(n EN U ) with Hopf structure given (for all n E N„) by 



h=o 



n — l , n—l 

A(a„) = a n ® 1 + 1 ® a n + ^ ( ™ ) a fc ® a 1 n_fc + ^ (A; + 1) <g> a n -fc 

fc=2 W fc=l 
n — l /■ n — l 

S(a n ) = -a n - J] r 5(a t )ar' - ^ (k + 1) S {a^ a n . k , e(d n ) = . 

fc=2 ^ ' fc=l 

XTuis is i/ie polynomial algebra k[{n b } b6B J generated by a set of indeterminates 

{ Vb } b eB v ^ n bisection with B v , so Pel = A^" as algebraic varieties. 

Finally, Hn = F\Tc v ~\ = k[{ i] b } b6B J is a graded Poisson Hopf algebra w.r.t. the 
grading d(ac n ) = n (inherited from Tin) and w.r.t. the grading induced from k = r (on 
7i), and a graded algebra w.r.t. the (polynomial) grading d(ct n ) = 1 (for all n E N+). 

(e) The analogues of statements (a) -(d) hold with IC instead of Ti , with X + instead of 
X for all X = £„, B v , N u , and with r c + instead of r^* . 

Proof, (a) This follows from Proposition 10.17 and the characterization of Hn in §10.10. 

(b) This is a direct consequence of claim (a) and Lemma 10.14^. 

(c) Thanks to claims (a) and (b), we can look at Hn as a Poisson algebra, whose Poisson 
bracket is given by {x,y } := = h~ 1 {xy — yx) (for all x, y E Hn)', then Hn itself 
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is the free associative Poisson algebra generated by { 6c n | n G N }. Clearly A is a Poisson 
map, therefore it is enough to prove that A(a n ) G Hh®Hh for all n G N+ . This is clear 
for cti and a.2 which are primitive; as for n > 2 , we have, like in Proposition 10.13, 

= EL2 ® ^~ k Q k n-kM + EVo *i k ® ft"-*- 1 ^"*) g w ft ' ® w ft ' 

thanks to Lemma 10.12 (with notations used therein). In addition, S(Hn) C also 
follows by induction from (10.8) because Hopf algebra axioms along with (10.8) give 

5(a n ) = -a„ - E^ 2 ^(^)^- fc Qn- fc (a*) - EJ^aft/^-^ZjUC**) G Hi 

for all rgI„ (using induction). The claim follows. 

(d) Thanks to (a) and (b), Hn is a polynomial k-algebra as claimed, over the set 

h=o 

of indeterminates { a& := Sh| ft _ ( G 7ia | ft _ ) | 6 G -E^ }. Furthermore, in the proof of (c) 
we noticed that Hn is also the free Poisson algebra generated by { ct n | n G N } ; therefore 
Hn is the free commutative Poisson algebra generated by { ct n := 6c Xn | fi | n G N }. 
Then formula (10.8) — for all n e N„ - - describes uniquely the Hopf structure of Hn, 
hence the formula it yields at h = will describe the Hopf structure of Hn\ h=0 - 

Expanding h n ~ k Q k l _ k (a.^) in (10.8) w.r.t. the basis A in fa,) we find a sum of terms of 
r-degree less or equal than (n — k), and the sole one achieving equality is a 1 n_fc , which 
occurs with coefficient (£): similarly, when expanding fi n - k - 1 Z k _ k {ot.*) in (10.8) w.r.t. A 
all summands have r-degree less or equal than (n — k — 1), and equality holds only for 
S n _fc , whose coefficient is (k + 1) . Therefore for some 77 G Hn \ h=Q we have 

A(a n ) = Efe=2 "fc ® Q «i n " fc + E£=o ( fc + !) "* ® "»-fc + ^ »7 5 

this yields the formula for A, from which the formula for S follows too as usual. 

Finally, let r := Spec (Hn\ h=0 ) be the algebraic Poisson group such that F[r~\ = 
Hn \ h=0 , and let 7„ := coCie(r) be its cotangent Lie bialgebra. Since Hn \ h=Q is Poisson 
free over \a. n } , as a Lie algebra 7„ is free over { d n := ot n mod m 2 } M (where 

* Tl t In is vl Ln }j 

m := Jn h '\ h=0 ), so 7^ = L v , via <i n 1— > x n (n G N+) as a Lie algebra. The Lie cobracket is 
K{ d n) = (A-A op )(a n ) modm 8 = 



-1 / n \ n-l 

E , ) ock A a 1 n_fe + E (fc+1) a* A a n _ fc mod m 8 

fc=2 fc=l 



n ^ - - n-k 1 //„ 1 -1 \ - /c 



, , a n _i A Qi + 2 cki A OL n -i mod m<g> 

77,-1/ 



= (n — 2) a n _i A Qi mod = (n — 2) d n _i A di G 7 ® 7 
where m 8 := (m 2 <g>Hn\n=o + m<g> m + 7Ya|a=o <8> m 2 j , whence T = i£* as claimed in (d). 
Finally, the statements about gradings of Hn = F T-Tc*] hold by construction. 
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(e) This should be clear from the whole discussion, since all arguments apply again - 
mutatis mutandis — when starting with /C instead of H ; we leave details to the reader. □ 



10.19 Drinfeld's algebra (HnY • I look now at the other Drinfeld's functor at 

h, and consider {HhY := SneN^""^'™' where J' '■= Jhh' • Theorem 2.2 tells us 
that (Hh) is a Hopf k[h]-subalgebra of Tin, and the specialization of {Tin) at h = , 

i. e. {HnY '■= (T~th) V / (Hh Y , is the universal enveloping algebra of the cotangent 

Lie bialgebra of the connected algebraic Poisson group which is the spectrum of Hn , 

h o 

that is exactly fy* . Thanks to Theorem 10.18, this means (Hh) = U(C U ) as co- 

Poisson Hopf k-algebras, the Lie cobracket of C u being the one given in Theorem 10.18(d). 



Therefore we must show that {Hhf 



is a cocommutative Hopf k-algebra, it is gen- 



erated by its primitive elements, and the latter set inherits a Lie bialgebra structure iso- 
morphic to that of ~f u := code (-Tc*) • We prove all this directly, via an explicit description 
of (HnY and its specialization at H = , provided in the following 

Theorem 10.20. For any b £ B u set a b := fr K ("*>)-i a b = ft^ 6 )" 1 a b = fr 1 a b . 



Vb ll b 2 EB l 



i) 



(a) (HhY = Hh] {{^b}^^) I ({ [6c bl ,6c b2 ] - d [6l)6a] 

(b) {HhY ^ s a 9 ra ded Hopf k[h]-subalgebra of Hh . 

(c) (HhY := {H^Y ^{HhY ~ U(Cv) as co-Poisson Hopf algebra, where L v 
bears the Lie bialgebra structure given by S(x n ) = (n — 2) x n -\ A x\ (for all n G N u ). 



Finally, the grading d given by d(x n ) := 1 (n G N+) makes (Hh) 



U (C v ) into a 



graded co-Poisson Hopf algebra, and the grading d given by d(x n ) := n (n G N+) makes 



U{C V ) into a graded Hopf algebra and C v into a graded Lie bialgebra. 



(d) The analogues of statements (a) -(c) hold with IC , , £?+ and respectively 
instead of H , £+, B v and N+ • 



Proof, (a) This follows from Theorem 10.18(b) and the very definition of (Hh) in §10.19. 

(b) This is a direct consequence of claim (a) and Theorem 10.18(c). 

(c) It follows from claim (a) that mapping a. b \ h _ Q i— > b (V6 G B v ) yields a well- 

-»U(C U ). In addition, when expanding 



h=0 



defined algebra isomorphism $ : (Hh) 

h n ~ Qn-fc( a *) ^ n (10-8) w.r.t. the basis A (see Proposition 10.17) we find a sum of terms 
of r-degree less than or equal to (n — k), and equality is achieved only for a.™~ k , which 
occurs with coefficient (?): similarly, the expansion of h n - k - x Z k n _ k {oL*) in (10.8) yields 
a sum of terms whose r-degree is less or equal than (n — k — 1), with equality only for 
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OL n -k , whose coefficient is (k + 1) . Thus using the relation ci s = hot s (s e N + ) we get 

A(d n ) = a n ®l + l®a n + Y%Zl&k®h n - k QLkM + ^ = 

= a n <g> 1 + 1 <g> d n + E£=2 n n " fc d fc <g> Q a 1 n " fc + Efc=i h k (k + 1) d^ <g> d n _ fc + ft 2 77 = 

= d n ® 1 + 1 ® d n + h (n d n _i ® di + 2 di (g) d n _i) + ft 2 X 

for some 77, x £ {ji-hY ®{HhY ■ It follows that A(d n | ft=Q ) = d n | ft=0 <g)l + l<8)d n | ? . =0 for 
all ti6N„. Similarly we have 5 , (d n | ft=0 ) = — d n | ft=Q and e(d n | ft=Q ) = for all n G N„ , 
thus <E> is an isomorphism of Hopf algebras too. In addition, the Poisson cobracket of 
{Ti-hY inherited from (H//) V is given by 



%4=o) = (^" 1 (A-A°P)(d n )) modn(^) V ® (^T = 
= (nd n _i A di + 2di A d n _i) mod H (Hhf ® {ji-hY = (n - 2) d n _i| ft=0 A di| ft=0 

hence $ is also an isomorphism of co-Poisson Hopf algebras, as claimed. 

The statements on gradings of {HnY = U(C V ) should be clear by construction. 

h=o 

(d) This should be clear from the whole discussion, as all arguments apply again - 
mutatis mutandis — when starting with /C instead of H ; details are left to the reader. □ 

10.21 Specialization limits. So far, Theorem 10.18^ and Theorem 10. 20^ prove 
the following specialization results for Hn and (Tin ) respectively: 

n h ' -5=^ h = f [rd] , (n^ -5=^ u(Cu) 

as graded Poisson or co-Poisson Hopf k-algebras. In addition, Theorem 10. 18^ implies 
that Hn > 7~L' = 7~L as graded Hopf k-algebras. Indeed, by Theorem 10. 18^ H (or 

even Tin) embeds as an algebra into Hn, via ot n 1— > d n (for all tiGN^): then 

[a„,a m ] i-> [a„,a m ] = ^d[ XraiXm] = d[ Xii)Xm] mod (Vn,mGN,) 

thus, thanks to the presentation of Tin by generators and relations in Theorem 10.18(b), 
H is isomorphic to Tin i := Hn j {h-l)Hn = k(ai | ft=1 , «2| ft=1 , • • • , a n \ h=v . . . ) , 

as a k-algebra, via a n 1— > a n L_ 1 . Moreover, the Hopf structure of Tin is given by 

A(S„| R=1 ) =EL 2 «fc®^" fc Qn- fc (^)+E^0 1 «l fc ®^" 1 ^n- fc («*) mod {h-W^Htl . 

Now, Q£_ fe (a*) = (^^(cx* + ai*) = Q^.Ja*) for some polynomial Q£_ fe (a*) in 
the oij's; let Q*_ fc (a*) = E s ^-fc( a *) be the splitting of into r-homogeneous 

summands (i.e., each T^'_ k (ot*) is a homogeneous polynomial of r-degree s): then 

h n ~ k Q k n - k M = ft"- fc Qj_*(«*) = ^- fc EA s ^K) = E^"^^*) 
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with n — k — s > for all s (by construction). Since clearly h n ~ k ~ s T^'_ k {a.*) = T^l k (a*) 
mod (ft -1) 7^', we find h n ~ k Q k n - k M = h n ~ k Q k n _ k (cx*) = E s ^ n ~ h ~ S ^n-k( a *) = 
^2 s ^n-k( a *) m °d — = Qn-fc(^*) > f° r an k an d n - Similarly we deduce that 

^ n - 1 ^fc_ fc ( Q!j|< ) = Z k _ k {a.*) mod (ft - 1) 7^' , for all fe and n . The outcome is that 

A{z n \ h=1 )=Yr k=2 z k m n - k Q k n _^ 

= Efc=2 S* ® ei-*(a*) + E^o 1 3f ® ^n-fe(«*) mod (ft - 1) H h ' ® H{ . 
On the other hand, we have A(a n ) = YJk=2 a k ® Qj;_fc( a *) + Yl=l a i ® Z k _ k (a.*) 

in 7i. Thus the graded algebra isomorphism \I> : H c »Hn given by ot n i— > a n L_ 1 

preserves the coproduct too. Similarly, \I> respects the antipode and the counit, hence it is 
a graded Hopf algebra isomorphism. In a nutshell, we have (as graded Hopf k-algebras) 

n h ' --^ n' = n. 

Similarly, Theorem 10.20 implies that (H-hY fi ~ >1 > H as graded Hopf k-algebras. 
Indeed, Theorem 10.20 fa,) shows that CHhY — M^] ®k U(C V ) as graded associative 
algebras, via a n i— > x n (n£N„), in particular (HhY ls the f ree associative k[ft]-algebra 
over {c*n} n(EN ; then specialization yields a graded algebra isomorphism 

° : ( Wr ') V |r=i := ( Wfi, ) V /^ _1 ) (Wfi) V ^W , d n | fcl ^ a n . 

As for the Hopf structure, in {HhY ^ is given by 

r=i 

A ("n|fi=l) = Efc=2 "fc|fi=l ® ^" fc 2n-fc(«*)L =1 + Efc=0 "l fc |fi=l ® ^" 2 ^n-fc(«*)L =1 • 

As before, split Q£_ fc (a*) as Q^_ A ,(a„) = Es^-fc( a *) > and s P nt eacn ^fifeC"*) into 
homogeneous components w.r.t. the total degree in the a^'s, say 7^1 fc (a*) = ^ r ^f(a*) : 
then ft n - fc - s T n s i fc fc (a,) = ft n - fe - s E^r,n(«*) = E/" fc " S+r ^n(«*) ' because a„ = 
ha* . As ft n - fc - s+r ^(d*) = y?£(&*) mod (ft - 1) (Hnf , we eventually get 

ft n -*G*_ fc (a*) = E s ,^ n " fc - s+r ^(«*) = E s ,^,'n(«*) mod(ft-l) (W«') V = Q*_ fc (a.) . 

for all k and n . Similarly ft n - 1 Z^_ fe (a*) = Z*_ fc (a*) mod (ft - 1) (Hnf (Vfc, n). Thus 

A(<M ft =i)=EL 2 «4=i^ n_fc 2t^^ 

= Efc=2 I »=! ® G*_ * (a*) | R=1 + E^o 1 *i* I »=! ® («*) | h =i ■ 
On the other hand, one has A(a n ) = Efc=2 a k ® Q^_ A .(a*) + Efc=o a i ® ^n-fc( a *) 

^>7i given by ct n \ i— > a; n also 



in ?i, thus the algebra isomorphism O : (W//) 

preserves the coproduct; similarly, it also respects the antipode and the counit, hence it is 
a graded Hopf algebra isomorphism. In a nutshell, we have (as graded Hopf k-algebras) 

WY n . 
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Therefore we have filled in the top part of the diagram of deformations (5.5), corre- 
sponding to (5.4), for H = Ti (:= Ti v ) : it reads 



F[r c l] = Tin , 04 - ft 7 1 . = Ti = (W R ') V , ^ , (W R ') V = (A,) 



n=o 



or simply -FIT};*] < — 0< ~ ft ~ >1 — >. ^ < — l^fi^o — ^ JJ(C U ) , where £„ is given the Lie bial- 

gebra structure of Theorem 10.18/20 and Fc* is the corresponding dual Poisson group 
mentioned in Theorem 10.18. Thus Ti is intermediate between the (Poisson-type) "geo- 
metrical symmetries" -F[-Tc*] and U{C V ), so their geometrical meaning should shed some 
light on it; conversely, the physical meaning of Ti should have some reflect on the physical 
meaning of both F [//;*] and U{C V ) . 

Remark : The analysis in §10.9 and §10.21 yields a complete description of the defor- 
mation features of Ti via Tin and Drinfeld's functors drawn in (5.5). In particular 

G + = r c l, e+ = + x = (£„^), _ = (£„,<*.), K_=G*_=Gd (10.9) 

(as Char (k) = ) where 5* and 5, denote the Lie cobracket on L v defined respectively 
in Theorems 10.18/20 and in Theorem 10.6. Next result shows that the four objects in 
(10.9) are really different, though they share some common feature. 

Theorem 10.22. 

(a) {Tin)' — Tin as Poisson k[H ] -algebras, but {Tin)' p= Tin as Hopf k\h]- algebras. 

(b) = {C u ,5 m ) as Lie algebras, but {C u ,5*) {C u ,5 m ) as Lie bialgebras. 

(c) Gc v — Fcl o,s (algebraic) Poisson varieties, but Gel ^ Jc* as (algebraic) groups. 

(d) The analogues of statements (a) -(c) hold with K and instead of Ti and C u . 

Proof. It follows from Theorem 10.8(a) that {Tin) can be seen as a Poisson Hopf algebra, 
with Poisson bracket given by {x,y} := y] = h~ 1 (xy — yx) (for all x, y G {Tin)')] 

then {Tin)' is the free Poisson algebra generated by j b Xn = x n = a n n G N | ; since 
a n = a n + (1 - <5 1>n ) ai n and a n = a n - (1 - <f 1>n ) a x n ( n G N + ) it is also (freely) 
Poisson-generated by { a n | n G N } . We also saw that Tin is the free Poisson algebra over 
{ ct n | n G N } ; thus mapping ct n i— > S n (Vrc G N) does define a unique Poisson algebra 
isomorphism $ : {Tin)'—^Tin^ given by a& := h~ d ^ab i— > , for all b ^ B v . This 
proves the first half of (a,), and then also (taking semiclassical limits and spectra) of (c). 

The group structure of either Gel or -Tc* yields a Lie cobracket onto the cotangent space 
at the unit point of the above, isomorphic Poisson varieties: this cotangent space identifies 
with £„, and the two cobrackets are given respectively by 5,{x n ) = X)™=i'(^ + 1) x i A x n -£ 
for Gel (by Theorem 10.8) and by 5*(x n ) = (n — 2) x n -i Ax± for Fe v (by Theorem 10.18), 
for all n G N u . It follows that Ker{S m ) = {0} ^ Ker(<5*) , which implies that the two 
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Lie coalgebra structures on L v are not isomorphic. This proves (b), and also means that 
Gc v ¥ -Tc* as (algebraic) groups, hence F [Gel] ¥ F [-Tc*] as Hopf k-algebras, and so 
{Hh)' ¥ T~Lh as Hopf k[ft]-algebras, which ends the proof of (c) and (a) too. 

Finally, claim (d) should be clear: one applies the like arguments mutatis mutandis, 
and everything follows as before. □ 

10.23 Generalizations. Plenty of features of H = H dlt are shared by a whole bunch 
of graded Hopf algebras, which usually arose in connection with some physical problem or 
some (co) ho mo logical construction, and all bear a nice combinatorial content; essentially, 
most of them can be described as "formal series" over indexing sets — replacing N - 
of various (combinatorial) nature: planar trees (with or without labels), forests, graphs, 
Feynman diagrams, etc. Besides the ice-breaking examples given by Connes and Kreimer 
(cf. [CK1-3]), which are all commutative or cocommutative Hopf algebras, other non- 
commutative non-cocommutative examples (like the one of 7i ) are introduced in [BF1- 
2] , roughly through a "disabelianization process" applied to the commutative Hopf algebras 
of Connes and Kreimer. The most general analysis and wealth of examples in this context 
is due to Foissy (see [Fol-3]), who also makes — in other terms — an interesting (although 
less deep than ours) study of the operators 5 n 's and of the functor H i— > H' {He HAt). 
Other examples, issued out of topological motivations, can be found in the works of Loday 
et al.: see e.g. [LR], and references therein. 

When performing the like analysis, as we did for H, for a graded Hopf algebra H of the 
afore mentioned type, the arguments used for Ti apply essentially the same, up to minor 
changes, and give much the same results. To give an example, the Hopf algebras considered 
by Foissy are non-commutative polynomial, say H = k.({xi}i e z) for some index set X: 
then one finds H = 7Yft V | ft=0 = U(g-) = V {£,■£) where Cx is the free Lie algebra over J. 

This opens the way to apply the crystal duality principle to all these graded Hopf 
algebras of great interest for their applications in mathematical physics or in topology (or 
whatever), with the simplest case of 7i dli playing the role of a toy model which realizes a 
clear and faithful pattern for many common features of all Hopf algebras of this kind. 
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